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TECHNICAL NOTE 3350

THE LINEARIZED EQUATIONS OF MOTION UNDERLYING THE DYNAMIC
STABTLITY OF AIRCRAFT, SPINNING PROJECTILES,
AND SYMMETRICAL MISSILES

By A. C. Charters
SUMMARY

Linearized equations of motion are derived for both conventional
glrcraft having mirror symmetry and spinning projectiles or missiles
having rotational and mirror symmetry. The serodynamic coefficients are
introduced as a formal series expansion in the customary varisbles, with
additional terms being included to account for the aerodynamic effects
of spin. The requirements of symmetry are used to reduce the system of
aerodynamic coefficients and, in the projectile or missile case, to clarify
markedly the geometry. A common mathemstical approach and standard NACA
nomenclature are used throughout.

The equations for ailrcraft are compared with those for missiles and
shortcomings in the currently accepted theorilies are polnted out. The
dynamic-stability requirements for spin-stabilized projectiles are dis-
cussed briefly.

The results are applied to the analysis of flight-test data from the
serodynamics range. Relations are derived between the gerodynamic coeffi-
cients and the constants of the equations of motion. A comparison is made
with ballistic theory in current use and i1s found to be satisfactory.

INTRODUCTICN

The dynamic stability of aircraft is a subject that has been explored
at great length. The theory of the motion of splnuning projectiles has
also been studied extensively. No further development of either subject
is needed per se, at least in so far as first-order effects are concerned.
On the other hand, modern trends 1n aeronsutics and ballistice have brought
the flight performance and even the physical eppearance of aircraft and
projectiles closer and closer together, Hence, a need now existe for a
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theory of motion that covers bath cases simultaneously with & single nomen~
clature and a common mathematical development.

In the present analysis, aircraft are distinguished from projectiles
and symmetrical missiles as follows:

1. Aircraft are assumed (a) to have a plane of mirror symmetry
through the longitudinal axis and (b) to f£ly only slightly disturbed from
8 steady-state eguilibrium attitude so that all components of the angular
velocity of the aircraft are small.

2. Projectiles and symmetrical missiles are assumed (a) to have not
only a plane of mirror symmetry but also 90° rotational symmetry (or its
equivalent) and (b) to fly similarly to ailrcraft except that the axial
component of the angular velocity, the spin, may be large (with the
restriction that the change in the spin must be small).

Desplte these differences, the flight of both aircraft and projec-
tiles takes place under closely simllar circumstances. The asnalysis of
the motion in each case 1s the classical analysis of a rigid body moving
under the action of external forces. The differential equations of motion
are derived in both cases from the vector equations relsting the rates of
change of the linear and angular momente to the external force and moment.
Furthermore, the conditions of flight presecribed are the ‘same, namely,
both must fly in nearly a straight line at nearly constant velocity and
the inclination to the flight path must be smell. The sercdynamic-force
system postulated is the same: The aerodynamic forces and moments are
assumed to be linear functions of the velocity and the anguler velocity.
In both theories the equations of motion are linearized by the neglect of
second-order terms. One might well suppose that the dynamic stability of
aircraft and projectiles had been treated by a common development. Such
is far from the case,

The dynamic stebility of alrcraft was first anelyzed by Lanchester
around 1900; the corresponding analysis of the dynamic stablility of spin-
stabilized projectiles was made by Fowler and his associates in 1920 (see

refs. 1 and 2). Both men had very practical objectives in mind. ILenchester

was interested in the flying gualities of alrplanes. Fowler wished to

find the design criteris for an artillery shell that would Insure a true
flight to the target and s strike head on. Both attacked the problem inde-
pendently and thelr divergence of interest 1s strongly reflected in the

two developments of the theory, a dlvergence which has continued for all
practical purposes to the present time.

A casual observer reading the literature on dynamic stability would
be left with the impression that ballisticians and aeronautical engineers
were concerned with entirely different problems. The nomenclature is
different; the geometry does not appear at first glance to be related; the
methematical treatments differ radically. The casual obzerver's judgment
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would not be so superficial after all, for it is only fair to say that
the theory developed to.handle the dynamic stability of aircraft 1s not
adequate in its present form to predict the dynamic stability of splinning
projectiles, and vice versa. For example, the alrcraft equatlions do not
describe the gyroscopic nutation and precession of a spinning shell, and
the projectile equations do not describe the phugoid oscillation of air-
craft.

Recently, R. E. Bolz and J. D. Nicolaides have derived the dynamic
stability of spinning projectiles and symmetrical missiles in terms famil-
iar to the aerodynemicist (see refs. 3 and 4). Although their derivations
go a long ways toward joining the theories of Lanchester and Fowler, both
omit the force of gravity and contaln certain other restrictions with the
result that a gap as yet remains between the case of the aircraft, flying
with its weight balanced by 1lift, and the case of the gyroscopically
stabilized projectile, flying with varying velocity and spin. It is the
purpose of this paper to bridge the gap, that 1s, to treat the two cases
with strictly similar mathematical developments and with & common nomen-
clature. In addition, it is desired to apply the results of this theory
to the analysis of experimental data obtained from a relatively new flight-
test facility, the aerodynamics range.

The development of the theory presented herein follows closely the
customary treatment of the dynemic stability of aircraft wlth the primary
difference being the simultaneous treatment of longitudinal and lateral
stability. The nomenclature conforms throughout to NACA standards. The
other departures of importance from conventional aircraft theory are a
rather formal development of the aerodynamic force system and the thorough
use of the cordition of symmetry assumed for the body, as is done in the
ballistlc theory. In fact, it might be sald that the present development
is a welding together of these aspects of the conventional aerodynamic and
ballistic theories which, in the author's opinion, represent the most
effective means of attacking the problen.

SYMBOLS

8g, &
©2 l’}— constants in the x(t) equation

az, ag
A any quantity
(This symbol is used in the development of general transforma-
tions.)
A1, Ap constants in the £(t*) equation

b b
0y "1 }- constants in the A(x') equation



o> Cl’}- constants in the @(x*) equation

Cas Cg

C

fo; fl;
f2: fB

force moment

aerodynamic coefficients: o) >
(p/2)v%8 " (p/2)V®52

coefficient of aerodynamic asymmetry force

coefficient of aerodynamic asymmetry moment

constants in the &(x') equation

dA
operator, DA = —= -
P ’ at”

operator, DA = %
X

CFZ + CFS
2

constants in the n(x*) equation

force, external, acting on body
acceleration of gravity

angular momentum of body

unit vector along X axis

JT

moment of inertie of body

unit vector along Y axis

product of inertia of body

unilt vector along Z axis
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Ly
niZ
iz
mi2
Ixz
Ix

Ixz,

1z

characteristic length

S
Uity 2

Czr

hKy2
C
Woig

262

c, 3
4K®

BC1q
2 KX2

mass of body

R(Cyg - 1Cyo)
2K7”

KCmg

2
UKy

Cmq

)-l-KYZ



op

Ny

g

O
2K

Cm.
%

hKYa
mg + Xo + iv(K - mpp)
Do, + Vg

m. + ivm
ge! fp

Cmrp
8!.1. KYZ

¢
“3p
LKy®

gy

BuKy™

linesr momentum of body
moment; external acting on body

Cnp

LKy

Cn,.
LKs2

IJ-CD.B
2K~
Cie

3

hKZZ
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Rgp

n&p

Po

P(3)

a(s)

R(S)

S1, S5

c
Dgp
BuKF

qup
4Ky

Cndp
BuK7”

X component of

variation in p over measured trajectory

constant component of angular velocity about which the angular
velocity in flight varies (p = p, + p')

polynomial fector in constants dy, dg of E(x*) equation
Y component of w
polynomial facfor in constants f,, fg of n(x*) equation
72 component of w

stability quartic

K2y2
by

arc length along trajectory

stability factor,

characteristic ares
independent variable in stability quadratic

roots of stability quartic, S; = dz, S = 4,

time
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t
T
terms 1n SR and SgR
variation in velocity along trajectory
velocity of center of gravity of body
constant component of velocity sbout which the flight velocity
varies (V = Vg + u)
87 + ak
angular velocity of body with respect to XYZ axes
distance along X, axis
X
i -
mg sin 74
—_— 7
pSV, -
o
2
X

© e

Q
o
o)

ol |
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“pp

Jr

YgL

Yop

c
Xpp
8u°

coordinate axls

space-fixéd coordinate axis

distance along Y, axis

A
i

coordinate axis

space-fixed coordinate axls

distance along Zo axis

=
TN



10

Zq

ZoL
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ZC(.L + i‘VZBp

.

14 2e + iyz.
o PP

‘CLO
2

C

.3
2

5 8lBo, Zgy = Zg - Xg

Q

D«

zZ
1%

&12

“Zrp
81.12

coordinate axis

space-flxed coordinate axis ¥
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angle of attack, 90° - & Z¥

angle of sideslip, 90° - X

inclination of flight path of steady-state glide to
horizontal, & EZo

y* + iZ+, nondimensional transverse displacement

variaeble of integration, replaces ¥t in integrand

¥ - i

angle of pitch, angle between intersection of XoYy and XZ,
planes and X

arbitrary angle of rotation sbout X

aircraft density factor, —%E
P

TPo
B + ia

density of the air

/1 - L
B

time factor, -

pSVo

angle of roll:
aircraft: angle between Intersection of YZ and XyY, planes
and Y;
symmetrical missile: angle between Y and 2

angle of yaw, angie between X, and intersection of X Y,
and XZ, planes
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w angular veloclty of body with respect to space-fixed axes

§ angular velocity of the XYZ axes with respect to the XOY026
axes

i
e
M|
-
Wi

body-fixed coordinate axes, fixed in body for missiles and
projectiles

< angle, <4 XY = angle between X and ¥

=4 i=

(") operator, A

0
=

(**) operetor, A =

:

(M) a vector quantity

Subscripts

The definitions of all subscripts apply to their usage with all sym-
bols except where the complete symbol with ite subscripts is defined as
a unit,

A aerodynamic components
D component along trajectory (drag)
G gravity force components
I imaginary component -
1 component along X axis
L component normal to trajectory (1lift)
m component g&long Y axis
n component along 2 axis
P operation, Ap = %ﬁ
D
o] operation, Aq = %%
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T operation, A. = %é
T

R real component
X component along X
Y component along Y
Z component along 2
o operation, Ay = %&
& operation, Ag =-%%
B operation, AB = %%
; : QA
B operaticon, Ar =

3 8 'a—é'
o value of coefficient with u=8=a=8 = o = p=q=1=0
o} value of quantity at z = O or x =0
1 component alcng 1 axis
2 component along 2 axis
3 component along 3 axis °

EQUATIONS OF MOTION FOR AIRCRAFT WITH
ONE PIANE OF MIRROR SYMMETRY

The essential features of Lanchester's work have formed the basis

of

all subsequent treatments of this subject, although many details such as

nomenclature have been modified to meet better the changing demands of
craft design. Dynamic stability is a standard subject in aeronautical
textbooks (e.g., see refs. 1 and 5) and, since the methods and results
the theory are well known, the aircraft case will be sketched rapidly.

ajr~

of
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Geometry

The geometry is shown in figures 1(a), 1(b), end 1(c). Two sete of
Cartesian coordinate axes are used in developing the equations of motlon.
. One set is fixed in the alrcraft and is known as "stabllity axes.” The
other set is fixed with respect to the earth and is known as "earth axes."
The orientation of the two sets 1s shown in figure 1(a). Figure 1(b)
shows the location of the gravity vector with respect to earth axes and
figure 1(c) the location of the velocity vector with respect to stebility
axes, In the figures the directions of the coordlnate axes are indicated
by unit vectors and the angles by circular arcs, whilch represent great
circles on a unit sphere centered at the center of gravity. Both setis
of axes are right-handed, as defined in reference 1; that is, the positive
gense of & component rotation or couple about any axis is "determined by
reference to & right-handed screw, when facing the positive direction of
the axis.” It will be noted that the various features of this geometry
conform throughout to NACA standards.

The stability axes are designated by XYZ. They are fixed in the
alrcraft and are oriented so that Y 1s perpendicular to the plane of
symmetry and Z 18 perpendilcular to the relative wind in steady flight.
Their origin of coordinates 1s at the center of gravity. In other words,
they are body-fixed axes with the XZ plane being the ajircraftls plane
of symmetry and with the X axis being coincident with the velocity vec-
tor in the steady-state glide on which the flight path is & perturbation.
The positive dlrections along the axes are as follows: X 1s positive
forward; Y 18 positive to starboard; Z 1is positive towards the bottom
of the ailrcraft. It should be noted that, whereas Y i1s always a prin-
cipal inertis axis, X and Z are not necessarily sc, and products of
Inertia terms are introduced into the equations of motion in order to
account for the alinement of X with the steady-state relatlive wind
rather than with a principal inertial direction (body axes alined in this
particular way are known a8 stabllity axes).

The earth axes are designated by XgY¥pZq. They are fixed with
respect to the earth, but, since the earth's rotation is negligibly slow
compared to the angular veloclty of the aircraft, they are considered to
be Galilean axes fixed in space. As with the stability axes, their ori-
entation 18 determined by the position of the aircraft in its steady-
state glide, which i1s subJect to the restriction that in the steady-state
glide the plane of symmetry is & vertlical plane., Each member of the
Xo¥oZo axes 1s taken to be parallel to and to point in the same direc-
tion a8 its corresponding member of the XYZ axes. In other words, X,
points in the direction of the steady-state glide path, Y, d1s horizontal
and points to the right (of an observer facing forward), and Zo points
down (but not necessarily vertically down). Two locations are designated
for the origin of coordinates of the earth axes, depending on the com-
ponent of the motion being consldered. For angular measurements, the

oy
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origin of coordinates is taken to be the center of gravity of the air-
craft at some particular point along its flight path. For linear measure-
ments, the origin of coordinates is located as required by the over-all
scheme of measurement which would be set up to analyze the flight of the
aircraft.

The orilentation of the aircraft in space is defined by three angular
coordinates @, €, and ¥ which give the alinement of the stability axes,
XYZ, with respect to the earth axes, X YoZ, (see fig. 1(a)). If these
angles are all zero, the stability axes point in the directlons of the
earth axes. Any other orientation of the aircraft is reached by three
consecutive rotations, starting with XYZ pointing in the directions, of
XoY¥0Z25. In defining each of the rotations, the point of view is taken
that ZXYZ are either in their starting position or in the position given
by the preceding rotetion, and not necessarily in their final position.
The rotations are noncommutative and must be taken in the order specified.

¥ Rotation 1. Start with XYZ pointing in the directions of
XoY,Zo, rotate about 2 through V.

6 Rotation 2. Rotate about. Y through 6, thereby bringing
X to its final position.

P Rotation 3. Rotate about X through @, thereby bringing
Y and Z to final positions and the aircraft to its actual
orientation in spsace. :

The angles V¥, 6, and ¢ may slsoc be defined as the angles between
coordinate axes and the intersections of certain planes. For the purpose
of these definitions it is considered that the origin of coordinates of
the XgY¥,Z, axes 1s momentarily colncident with that of the XYZ axes.
The point of view taken here is that the XYZ axes are in their final
pogitions given by the orientation of the aircraft in space at the moment
in question. The sign of the angle 1s specified by glving the axls about
which the rotation is taken in going from the line named first to the
line named second in the definition. The axis of rotation is listed in
parentheses in each definition.

¥ angle between Xp and intersection of Xo¥y and X7, planes
(rotation about Z.)

e angle between intersection of X, Y, and XZ, planes and X
(rotation sbout Y '= Y, rotated about Z, through ¥)

P angle between intersection of YZ and X,Y, planes and Y; also
angle between intersection of YZ and XZ, planes and 2
(rotation about X)
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The inclinetion of the earth axes (XOYOZO) to the horizontal is
given by the angle 7, (see fig. 1(b)). The angle 7, is positive when
Xo points above the horizontal (as shown in fig. 1(b)). It should be
noted that Y, dis horizontal by definition eand hence the X, Z, plane is
a vertlcal plane and contains the gravity vector .

The orientation of the velocity vector V with respect to the sta-
bility axes XYZ 1s glven by the angle of sttack o and the angle of
sideslip B (see fig. 1(c)). These angles are defined so that the product
of the velocity magnitude V and the sine of B or a gives the component
of V along Y or Z; that is, by definition .

B =90° - & VY
@ = 90° - X VzZ

and resolving v elong the transverse stabllity axes YZ results in the
desired relations, as follows

Vy =V cos & VY = V sin B

Vg =V cos A VZ = V sin «

The above definitions of o and B were chosen because 1t 1is believed
that the transverse components of the velocity are the quantities having
the most physical significance insofar as the aerodynamics of the air-
craft 1s concerned., However, it should be noted that these definitions
differ somewhat from common wind-tunnel practice. In a wind tunnel the
model is normally placed at an angle of sideslip by supporting it on a
bent sting. The angle of attack is set at zero, and the sting is alined
to lie in the plane contalning the axie of rotation of the angle-of-attack
sector and the tumnel axis (it is assumed that the wind vector is along
the tunnel asxis). The model is then placed on the sting with its plane of
symmetry perpendicular to this plane. The angle of attack 1s now varied
by rotating the angle-of-attack sector. Conseguently, the Z axis of the
model rotates in a plane perpendicular to this sectorts axis of rotation.
The angles of atteck, a, and sidesllip, B, are defined as follows: « is
the angle through which the angle-of-attack sector 1s rotated; B 1is the
angle at which the sting is bent. Now, referring to figure l(c), it 1s
clear that o defined in this report is the same as o defined in wind-
tunnel practice, since the zv plane shown in this figure is the plane
in which Z rotates and o 18 measured in this plane in both cases. On
the other hand, B 1in this report 1ls measured in the 7YV plane whereas
B in the wind tunnel is measured in the XY plene, as shown. The dif-
ference is second-order for small velues of B and hence 18 insignificant
in so far es linearized theory 1s concerned. BHowever, should the theory
be extended to the case of aircraft maneuvering at large angles, as is
done in reference 6, the precise definitions of « and B become important.
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It will be convenient to write down expressions for the direction
cosines between various axes of the earth axes and stability axes systems.
The direction cosines are readily obtained from the equations derived in
section (5.0), "Kinematics," of reference 6 and sre listed in the table
below; each entry in the table gives the directlon cosine between the axis
heading the row and the axis heading the column belonging to the space in
which the entry is listed.

X Y Z
Xo cos 8 cos ¥ cos ¥ sin @ sin 6 - cos ¥ cos @ sin 6 +
8in ¥ cos @ gin ¥ sin o
Y, cos 6 sin ¥ sin ¥ sin @ 8in 6 + 8in ¥ cos @ sin 6 -
cos ¥ cos @ cos ¥ sin O
Zo - sin 6 sin @ cos @ cos 8 cos @

Now, the conditions postulated for the flight, which are discussed in the
next section, require that corresponding axes of the two coordinate systems
lie close to one another during the flight covered by the analysis and
hence that the angles @, 8, and ¥ be small. Only first-order terms are
retained in the development of the equations of motion and, since ¢, 6,
and ¥ are first-order, quadratic terms in the expressions for the direc-
tion cosines will be second-order and may be neglected. The equations
giving the direction cosines correct to first order are summarized in the
table below; again each entry in the table gives the direction cosine
between the axis heading the row and the axis heading the column belonging
tc the space in which the entry is listed.

X Y 2

Xq 1 - 0
(1)

¥, ¥ 1 -
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Conditions of Flight

The following conditions are postulated for the aircraft and for its
motion in flight:

(1) The aircraft has a plane of mirror symmetry, the XZ plane.

(2) The magnitude of the velocity of the aircraft may be large but
the change in the veloclty must be small., Accordingly, the velocity may
be represented by a constant plus a small perturbation; that is, V=V tu.

(3) The angles orienting the two sets of coordinate axes, @, 6, and
¥, and locating the velocity vector, B and o, are all small.

(4) All components of the angular velocity, p, q, and r, are small.

(5) The flight path of the aircraft is a perturbation on & steady-
state glide.

Conditions (2), (3), and (4) mey be summarized by saying that the
following veriables must be smell (e.g., have a numerical megnitude of
0.1 or less) and hence are first-order quantities:

¢ 6 ¥
L B [»#
Va small, for exemple,
0.1 or less
pl ql =l (2)
2Vg 2Vgy 2Vg

where 1 18 a characteristic length. It should be noted that if B, «,

_El, and L are Tirst-order, then iﬂi-and &1 will also be first-
2Vo 2V, Vo 2Vo
order, where é = -@E and &, = -g'-g:-

? dt at *

The theory developed in this paper includes only flrst-order terms.
Products of first-order terms (except for the Magnus terms of spinning
projectiles and symmetrical missiles), for example, 96, are considered to
be negligibly small and are left out of the equations of motion. As a
result, the equations of motion become linear in form and thelr solution
may be glven by well-known, explicit functlons. Experience has shown
that the solution of the linearized equetions of motion is, in faet, a
reasonable representation of the flight motion of many alrcraft, However,
there mey be circumstances under which the linearized equations do not
describe the aircraft's flight, desplte the fact that all the quantities
listed in equation (2) are small. The aerodynamic charascteristics of
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certain aireraft are such that some of the quadratic terms are as large
or larger than certain of the first-order terms included in the linear
theory. TFor aircraft of this type, the significant quadratic terms must
be retained in the equations of motion and the theory revised accordingly.
Consequently, the analysis of an actual flight should include a check of
the magnitude of second-order terms to be sure that they are in fact
second-order, that is, negligible, 1In other words, the a priori assump-
tions of the theory should be checked a posteriori by an analysis of the
measurements,

Kinematic Relations

The equations of motion are derived from the basic vector equations

aM =
v F (3)
d8 _
ks (1)

The first step in their derivation is to obtain relations between
the physical quantities, M and H, and the kinematic variables (of the
motion), B, &, ¢, &, and ¥. The components of the linear momentum, M
along the XYZ axes in terms of the components of the velocity vector,

V, and the components of V in terms of B and a are listed in the
following table.

M 7
1 oy vy = VW1 - sin®a - sin®B (5)
; mVy Vy = V sin B
k mvey Vg =V sin

where the component along X, ¥, or Z 1s designated by 1i, j, or k, the
unit vector along X,Y,Z, respectively.

Similsrly, the components of the angular momentum,‘ﬁ, are given in
terms of the components of the angular velocity, w, and, in turn, the
components of W in terms of @, 6, and ¥ are given In the table below
(see ref. 6).



20 NACA TN 3350

" @
i Iyp - Jygr P = é - ﬁ sin 6
J Iva Q=6 cos @+ ¥ sin @ cos 6 (6)
k IZr - Jyop r = & cos 8 cos @ - & sin o)

For convenlence in computing the relative magnitudes of terms in the
equations of motion, the components of w (p, g, and r) may be written
ag follows, expanding sines and cosines and retaining only first- and
second-order terms.

P=¢ - Or
q=é+q)r (7)
r=7% - ole]

The expressions for V and ® given in equations (5) and (7) include
second-order terms in order to clarify certain steps taken in linearizing
the equations of motion. The components of V and W appearing in the
inertial terms in the equations of motion are multiplied by large numeri-
cal factors. Consequently, it 1s desirable to compare the second-order
inertial terms wilth the first-order aerodynamic terms in order to estab-
1ish thet the second-order lnertial terms are truly negligible. The com-
parison is made in Appendix A, which covers the linearization procedure,

Physical quantities are defined wilth respect to the body-flxed axes,
XYZ, as 1s customary in the treatment of the motlon of a rigid body. On
the other hand, the rates of chenge involved in the basic vector equa-
tions (3) and (4) are taken with respect to space-fixed axes. Hence,
equations (3) and (4) must be transformed in order to account for the
movement of the XYZ s&axes. The well-known transformation for the rate
of change of any vector A from fixed to moving axes is given by

~E4+BxE (8)

& 18

]

where A 1s the rate of change of A measured with respect to XVZ
axes. The components of the transformation are

%A_%:Ax+ gAz - rAy
dAy
at
dAg’
at

]

Ay + Ay - pAy (9)

=Az+PAY'QAX

Eny
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Aerodynamic and Gravitaetional Force Systems

The resultant external force, F, of equation (3) is the sum of the
aerodynamic forces and the gravitational force; that is,

F=TF, + Fg (10)

The resultant external moment, M, of equation (L) is due solely to aero-
dynamic reactions,

Concerning the aerodynamic forces and moments, it is assumed that the
components of the resultant force and moment, Fp and M ere given by

= 2
P, Y,7 Cx,y,7 5 V9 (11)

and

2
M v,7 = Co,myn 5 © v2s1 (12)

It is further assumed that the coefficients, the C's, in equations (11)
and (12) are functions of the variables B8, «, B, &, p, 9, and r and that
these functions may be expanded as a series in the variables named. The
general formula for any coefficient, Cg, where & stands for X, Y, Z, 1,
m, or n, is

[

_ B az pl at .
Ca = Cag + Cagh * Cag + Cag o7 * Cag 57 * Cep oy * Ceq v *
Ce,p. 2V + (higher-order terms) (13)

The coefficients of this series are assumed to be independent of the
variables B, «, 8, & p, g, and r and to be functions only of the exter-
nal shape of the aircraft and of fundamental aerodynamic parameters, such
ag the Reynolds and Mach numbers. They will be known herein as the
"gerodynamic coefficients" and correspond to the conventional stability
derivatives.

Examples of the higher-order terms are cadagz and Cg_,aB, two of the
quadratic terms of the series. In the aircraft case all of the variables
B, @, P, g4, and r are small (first-order). Hence, their products will
be second-order and the quadratic and higher-order terms of the series may
be neglected.

If the aircraft had no plane of symmetry, all 48 coefficients would
be required to account for the complete force and moment system. However,
the majority of aircraft have one plane of mirror symmetry as postulated
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i
here and, as a result, certain of the coefficients must be zero. The

requirement imposed by the existence of a plane of mirror symuetry can be
stated succinctly as follows,

Let the aircraft execute two motions, the first being the mirror
image of the second about the XZ plane, the plane of symmetry; the aero-
dynemic force due to the first motion must be the mirror image of that
due to the second. The mirror image of a motion (or force) is defined as
the motion (or the force) that will look the same to & second observer
stationed on the opposite side of the aireraft from the first; that is,
one observer being to port, the other to starboard.

To illustrate, consider the terms Czp(pl/QV), the rolling moment due

to rolling velocity, and Cmp(pz/2V), the pitching moment due to rolling

velocity. The mirror image of the rolling velocity p is always -p.
The mirror image of the rolling moment My 1is ~My; hence, the mirror

image of Czp(pZ/QV) should be —Czp(pZ/EV). It cen be seen that this term

reverses slgn as it should, since p mirrors to -p, and the coefficient

Cy is therefore an allowable one. On the other hand, the mirror image

of the pitching moment My 1is +My; hence, the mirror image of cmp(pz/zv)

should be +Cmp(pz/2V). It can be seen that the term reverses sign as it

should not, since p mirrors to =p, and therefore the coefficient Cmg
s0;

is not an allowable one. Consequently the ccefficient Cmp must vani
that is, Cmp = 0.

Applying the criterion of symmetry to eguation (13), one cen see that
the following coefficients must vanish:

C = C = C = C o= O
Z Zs Zy
P * (1k)
CZO = czOL = CZ = czq = 0
CmB = Cmé = Cmp = Cmr =0

Cng = Cng = Cng = Cng = 0|

Substituting equations (14) in equation (13) and arbitrarily assigning
& minus sign to the coefficients of Cy and Cy in conformity with standard

L3

-~
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prectice (since the axial drag force usually acts in the -X direction
and the normal force in the -Z direction), give the force and moment
coefficlents for the aircraft as follows:

1 A
Cx = =Cxq = Co® - Oxy al 'CXq%ff i}
- Bl pl EY)
CY—CYBB +CYB 2V+CYP +CYr i
‘ aZ A
CZ = —CZO - CZO’,CL - Cz, 2V - Czq %{7‘. >
R 1
Bl pZ ri ( 5)

CZ = CZBB + C'Lé 2V+C-LP 2V CZI‘ E{f-

‘= Gmo * Cmaa+cmm2v Cmqev

- g1 Pl 4 o £
On = OngP +Cng G5+ Cop oy ¥ "or oy J

Concerning the force of gravity, Fg, 1ts components along the XYZ
axes are readily computed by first resolving Fg along the X, Y, Z, axes
and then computing the XYZ components using the direction cosines givea
in equations (1). The force of gravity Fg 1lies in the X 0Zs DPlane
since Y, 1is horizontal by definition and, hence, is gilven by

fé = 1o(-mg sin 7,) + iﬁ(mg cos 7,) (16)

The XYZ components of fé are now obtalned by resolving the X,Z,
components of equation (16) along the XYZ axes using equations (1):

FGX =mg (- 8in 75 - 6 cos 74)

Faoy

Fa

mg (¥ 8in 75 + @ cos 7,) (17

1]

, = D€ (- 6 sin 75 + cos 7,)

Derivation of the Differential Equations of Motion

The differential equations of motion are derived from the basic vec-
tor equations (3) and (L) by resolving the vectors along coordinates axes
and using the kinematic relations and the equations for the externsl
forces and moments, thereby obtaining six scalar egusations, three asso-
clated with the force and three with the moment. Both earth axes and



2k NACA TN 3350

stabllity axes are employed as coordinate axes in resolving the basic
vector equations. Earth axes are used to compute the motion cof the center
of gravity of the aircraft, since linear displacements are measured along
these axes. ©Stability axes are used to compute the angular motions of

the alrcraft and of the veloclty vector, since the inertial properties and
aerodynamic coefficients of the aircraft are invariant with respect to
these axes. The detailed steps taken in deriving the equations of motion
are outlined as follows.

Both equations (3) and (L4) are transformed from fixed to moving axes
by equation (9), except for the X component of equation (3), as dis-
cussed below. Equation (17) for the gravity force and equations (11) and
(15) for the aerodynemic forces are substituted into equation (10) for the
external force. The kinemetic relations for linear momentum and veloclty
are given by equations (5) and these are used to complete the development
of equation (3). Equations (12) and (15) for the serodynemic moments and
equations (6) and (7) giving the kinematic relations for the engular momen-
tum and angular velocity are substituted into equation (4) to complete its
development,

The deteils of this particular step are given 1n Appendix A. It
should be noted thet the equation associated with the axial drag force 1s
treated as & special case., This equation is derived by resolving the
vector linear momentum equation (3) along the space-fixed X, axis rather
than the X axis, thereby avoiding the term (qAZ - rAy) which comes from
the trensformation from fixed to moving axes (eq. 9). The change in
approach is desirable because in the linearization of the equation of
motion the term (qAZ - rAy) giveg rise to second-order terms whose magni-
tude compared to first-order terms is uncertain and whose neglect conse-
quently may be questionable. In so far as the valldity of the derivation
is concerned, either axis system, stability axes or earth axes, may be
used in deriving any of the equations of motion provided the vector guan-
tities are resolved correctly along the axes in question and the angular
velocity of the coordinate axes (if any) is accounted for,

The next step 1n the derivetion is to separate each of the six equa-
tions into first- and second-order terms (and higher-order terms) and to
neglect the second-order (and higher-order) terms. This step 1ls described
in detail in Appendix A. Hence, at this point, the equatlons of motion
are linearized and the theory is restricted to a consideration of first-
order effects.

The third step in the derivation is to introduce a nondimensional
time as the independent variable and a concise notation for the factors
of the dependent variasbles. This nondimensional time, t*, is sometimes
referred to as the reduced time and is based on the aircraft time factor,
T. The concise notation stems directly from the subscripts of the aero-
dynamic coefficients and at the same time includes any other multiplica-
tive factors. TFor example,
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KCm
2Ky®

ma’=

In the same spirit, the derivative notation is shortened by defining

dA
DA = —
datt
This step parallels a similar procedure followed in reference 7. The
advantages accrued thereby speak for themselves,

The final step goes back to (5) of the condition postulated for the
flight, namely, that the flight path is a perturbation on a steady-state
glide. Hence, the equilibrium condlition of flight with all the dependent
varisbles (u,B,x,B,4,p,q,r) equal to zero is one in which the 1ift, drag,
speed, glide angle, and weight are all in balance. It is assumed here
that the ¥, axis and the X axis are both coincident with the trajec-
tory along the steady-state glide path. The equetions of motion for the
steady-state glide are

ng sin 7o h
% = m e————— =X
o oSV 2 G
mg cos Yq
7 meeee— = = 7 18
o e @ (18)
m, = O J

Equations (18) are used to replace the gravity terms with corresponding
aerodynamic terms in the flnal differential equations of motion.

At the same time, the factors Xg;Xy,Zg,%, 8are replaced by the
factors Xgp,XupsZolsZyy, Which refer to the drag and 1lift of the alrcraft
as measured in a wind tunnel. Now, it is customary in deriving the equa-
tions of motion to use drag and 1ift coefficlents rather than the X and
Z coefficients. This is a perfectly reasonable cholce since the static
s8tability characteristics of many aircraft are measured in wind-tunnel
testa. Wind-tunnel data are ordinarily presented as 1ift and drag polars
and it is desirable to formulate the theory in terms of 1ift and drag so
that these data can be used directly. A support system commonly employed
in wind tunnels has already been described. In so far as the coordinate
axes of this report are concerned, 1lift and drag are measured along and’
perpendicular to the steady-state relative wind, that is, along the -Z,
and -Xo axes, respectively. The aerodynamic lift and drag factors
corresponding ‘to the 1ift and drag coefficients are designated by the
subscripts L and D, and the relations between these and the serodynamic
factors corresponding to the X and Z coefficients are given by
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*o = Xop )
o = Xyp - ZoL

Z. = Z
oL

ZQ:Z&L*‘XOD.J

The six differential equations of motion which result from the pre-
ceding steps are given below in the following order: the three force
equations, exial drag, side force, and normel 1ift force, and the three
moment equations, roll, pitch, and yaw.

u u
D(ﬂ * 2o <ﬁ>+ %P + (%gp = ZoL)e + xqDO + 210 = 0 (20)

(1 - yé) DB - 58 + (1 - y,.) DV + Xop¥ = ¥pDP = 2@ = O (e1)

(1 + z) Do+ (Zg, + xople - (L - zgq) D& - x.pf + QZOIL<$% =0 (22)
D2 - 1,09 - KaD?¥ - 1.D¥ - 15DB - 1B = 0 (23)
D6 - mgD6 - miDo, - mye = O (2k)

(25)

It
(@]

D2Y - n.DY - KéDZQ - 0D - néDB - nBB
Discussion of the Differential Equations of Motion

An inspection of equations (20) through (25) shows that the six eque.-
tlons may be divided into two distinct groups of three equations each.
One group consisting of equations (20), (22), and (24) involves only the
variables u/VO, @, and @ and describes the longitudinal motion of the
alrcraft. The other group consisting of equations (21), (23), and (25)
involves only the variables B, P, and ¥ and describes the lateral motion
of the aircraft. Hence, it may be concluded that the linearized equations
of motion of aircraft may be divided into two gseparate parts and that the
parts do not interact. This result is, of course, well known and the
over-all stability of eircraft is customarily subdivided into longitudinal
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stebility involving u/Vo, &, and 6 and into lateral stability involving
g ®, and ¥. In this connection, it should be noted that different rep-
resentative lengths, 1, may be used in the two groups of equations since
the groups are independent of one another. In practice, it is common to
use the mean aserodynamic chord of the wing (7 = c¢) in the longitudinal
stebility equations and the wing span (I = b) in the lateral stability
equations.

Equations (20) through (25) agree satisfactorily with corresponding
equations presented in standard aeronautical texts (see, e.g., egs. (10-89a,
b, c) and (11-3k4a, b, ¢) of ref. 5). The equations here do contain certain
extra terms not ordinarily found elsewhere but it is believed that all of
the terms in these equatlons are required for a complete and consistent
first-order serodynamic force system and to account accurately for gravity
forces. On the other hand, the additions are so small for representative
aircraft that they do not affect the comparison in so far as practical
application of the equations 1s concerned.

To summarize briefly, 1t may be stated that equations (20) through
(25) ere the standard equations underlying the longitudinal and lateral
stabllity of aircraft. Hence, 1t has been demonstrated that the approach
used in the present development leads to the commonly accepted result.
The solution and application of the differential stability equations have
been treated at length and reference 1s made to the extensive aeronasutical
literature for a discussion of this aspect of the subject (e.g., see
refs. 1, 5, 6, 7, 8, and 9).

EQUATIONS OF MOTION FOR PROJECTILES AND MISSILES
WITH 9QO ROTATIONAL AND MIRROR SYMMETRY

In this paper the equations of motion describing the flights of spin-
ning projectiles and symmetrical missiles are treated simultaneously, and
the results may be applied to either case. Both projectiles and missiles
are mentioned in the title because the means of stabilization customarily
employed in the two cases depends on different physical principles, the
majority of artillery shell belng spin stabllized and missiles being fin
stabilized. Despite this difference, the motlons of both stem from a
common set of equations and each represents an application of the general
equations to a particular condition of flight., The terms, projectiles
and missiles, will be used interchangeably for the sake of succinctness,
but, although only one may be named, the other will always be implied.

Projectiles and missiles are considered to differ from aircraft in
two respects:

(1) They are postulated to have 90° roll symmetry or its equivalent
in addition to a plane of mirror symmetry.
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(2) The component of their angular velocity along the axis of sym-
metry is allowed to be large; that is, they may roll continuously (or
spin) around the exis of symmetry.

It 18 immediately evident that the freedom of the missile to spin
will lead to difficulties if axes fixed 1n the missile are specilified in
this case as they were for aircraft. The angle of roll, @, will become
large and the components of the gravity force will vary with the sine and
cosine of @. Both of these consequences will vioclate the requirement
that the dependent variables remain small during the flight, an essentilal
feature of a lineasrized theory. It is clear that the geometry postulated
in the alrcraft case must be modlfied before it 1s sultable for the devel-
opment of linearized equations of motion for projectiles and missiles.,

The 90° rotational symmetry, the addition to the requirement of mir-
ror symmetry, provides the key to the problem. It will be shown that the
aerodynamic force system is modified for this case so that the resultant
force and moment vectors are independent of the roll orientation (to first
order). Consequently, only one coordinate axis need be fixed in the
migssile, that i1s, along the axis of rotational symmetry, the longitudinal
axis of the missile. One of the transverse coordinate axes will be pre-
scribed to lie in a certain space-fixed plane oriented so that the angle
of roll of the coordinate axls system 1s always zero. As a result, the
change in orientation of the coordinate axes remains small during flight,
and the variation of all of the dependent variables except the roll angle
of the missile is correspondingly small so that the basic requlrement of
a first-order theory can agein be satisfied.

Consequences of 90O Rotational Symmetry

Ninety-degree rotatlonal symmetry may be readily visualized by pic-
turing the missile (or projectile) in two positions, one rotated by 90°
about the axis of symmetry with respect to the other. I the missile has
900 rotational symmetry, the two pictures will look precisely the same.
In mathematical terms, rotation through 90° transforms the missile into
itself. It is assumed in this paper thet the axlis of rotational symmetry
coincides with the longitudinal axls of the milssile,

First, the consequences of rotational symmetry to the aerodynamic
force system will be investigated. Let the XYZ axes remain axes fixed
ip the missile, but place the X axis along the axis of rotational sym-
metry. The X axis 1s now a principal axis of inertie so that Jygy

venishes, furthermore Iy = Iy. It 1s clear that the aserodynamic coeffi-

cients must have values such that a rotation of the V, VT, and @ vec-
tors by 900 about X will produce & similar rotation of the F and M

vectors of 90° about X, since F and M are functions of V, Vp, and @
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and the serodynamic configuration will be precisely the same after the
90° rotation, as required by symmetry. The components of V@ are given
to first order by Vp = §j + &K. It will be noted that Vg transforms

as V does. only V will be written down explicitly in the subsequent
analysis but Vg will be included implicitly in all derivations in which

V, Vp, and @ are involved.

Now, if A 1is any vector and K is A rotated 90° around the axis
of symmetry, and if the direction of rotation is taken to be from Y to Z,
the components of A are related to the components of A* ag follows:

Axx = Ay 4,
fa* Lo
/
/
Az = Ay /
¥
/
Applying equation (26) to the p
aerodynamic force and moment vec- DaE T V.
tors gives the relations between ~ Azxy”
the components of the force and S
moment before and after rotation Y
of V, Vp, and @, which are \‘J'Az
Sketch (a)

Py ('\7*, w,) = Fy (V, ©) h

FY* (V*J‘a*) = "FZ (v: m)

FZ* (v*} w*) = FY (v: E)

> (27)

Mx* (v*: E*) = MX (V: 5)

Mys (Va, By) = -Mg (V, @)

M7 % (vﬂu -‘5*) = My (v: w) J

It should be noted that the values of the components after rotation must
be computed using the rotated values of veloclty and angular veloclty,
V* and m ag indicated by the functional notation of equations (7).
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Equations (27) must hold for all velues of V and @. Hence, com-
puting the components of V, and Wy from equations (27) and substituting

the velues of the components of V and & from equations (5), (6), and
(7) (neglecting second-order terms) and of Fy end M from equations (11),
(12), and (15), the following equalities must hold between the aerody-
namlc coefficients:
= - ~
Cy. = -C
Y %1
Cy, = Cz,
Cr = =C 28
. o
Cn. = ~Cy.
B S, .
C =C
Ny mq !
Cx =Cg. =Cy =Cy =Cy =C, =Cy.=0Cy =0 =0 =OJ
%o = %y = %g = Op = Ozy = Cop = Cpp = O3 = Oy = Onp
Consequently, the equations for the components of F and M become
Cx = -Cx, W
81 ri
Cy=-Cy B =-Cp, ==+ Cy —
3 1
Cyp = -Cyp o = Cp, Tk oo, X
47 BT T VB oy T V2q 2V
29)
Cy = +Cy BL (
b 2v
Y 1
= Cp o + . <Ly &
m = Coy O, 5y + Cuq 5y ..
_ g1 r1
Cn - -Cma,B = Cmd ov + Cmq I\ J -
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Second, since the aero-
dynamic coefficients for rota-

tionally symmetric bodies have f - Y
been established, the varia-
tion of the aerodynamic coef- 4

ficients with rotation of the
Y2 axes around X wlll be
investigated. Let the YZ ¥
axes be turned through an
erbitrary angle A to a new
position YVZF, as shown in

the sketch.
Relations between the o Y
components of a vector A
along YZ and along YtZT y 4
are given by
Sketch (b)
Ay = Ay* cos A - Agt sin A
(30=)
Ag = AZ+ cos A + A3* sin A
Ayt = Ay cos A + Ay sin A
(300)
Agt = Ay cos A - Ay Bin A

Since the rotation is about X, the X component of A is unchanged.

Now, vector quantities themselves do not change with rotation of
coordinate axes; only their components along the axes vary. Hence, Fp
and M are not affected by rotation of Y end Z; that is,

_ (31a)
=M

Resolving equation (3la) into components and using equations (11) and
(12) which define the aerodynamic coefficients give

Cxi + Cyd + Cgk = Cy*T + Cy*3t + c'EF
_ _ (31b)
CtT + ot T 4+ oK

C,I + Cpd + Cpk
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If 3+ and k¥ are resolved along Y end Z (eq. (30b)) and the components
are equated (egs. (31b)), the following equations are obtained for the C's
in terms of the (Ct's and A.

Cx = Oyt )
Cy = Cy" cos A - CgF sin A

Cy, = Cy* cos A+ CF sin A >
Cy = Cy*

Cp = Cpt cos A - CyF ain A

Cp = Cpt cos A+ Cpfsin A

The components of the merodynamic force and moment along Y' and Zt
are given by equations similar to equations (29) with all coefficients
and all veariables marked with the superscript +. Uslng this set of
equations similer to equations (29) for the Ct!s and substituting into
this set the values of B*, at, 3+, &%, g, and r* given in terms of
B, @, B, &, a4, r, and A Dby equations (30b), one obtains the following
relatlons between the aerodynamic coefficients associated with the IXYZ
axes and with the XY'Zt axes from equations (32)

- - o ¥
Cxo CXo )
- - él Lo o + B + Tl
CzaP = Cog 57 + C2q 7 = Czq B~ Czg v * Oz’ Ty
- sl G Al _ oo g - Qo & + 4l
2o = Czg oy " C2q 2y T C2e % " C28T oy T Cze o
Z Z > (33)
26 _ + DL
Cip 57 = C1p &
ol qQl _ + A+ al + ql
Cmd'@ + Cm&é-v + Cmq 7 Cmd: o + Cma =7 + Cmq =7
Bl r] + + B1 + rl
"CIIlG,B - Cm&'é-v- + Cmq -—27 = —CmCL g - Cm& E -+ Cmq '2—_\7 J

Since equations (33) must hold for all values of B, «, B, &, D, Q)
end r, it 1s immediastely evident that the serodynamic coefficients asso-
ciated with the XY'Z™ eaxes, the C''s, must be equnal to the aerodynamic



Cl

.-

NACA TN 3350 33

coefficlents associated with the XYZ axes, the C's. It may be con-
cluded, therefore, that the aerodynamic coefficients are invariant with
respect to rotation of coordinate exes about the axis of symmetry. Con-
sequently, the Y and Z axes may be oriented at will around the X axis
without regard to the orlentation of the missile sbout X, since the aero-
dynamic coefficients are solely functions of the missilet!s external shape
(and such nondimensional parameters as Reynolds and Mach numbers) and it
has been shown that the aerodynamic coefficients do not change with orien-
tation of the missile in roll. In fact, the missile may be allowed to
spin about the X axis with respect to the YZ axes and the aerodynamic
coefficients will be unaffected.?t

Another consequence of the preceding enalysis, which is immediately
evident, 1s that the aerodynamic force and moment, fA end M, are also
invariant with respect to the orientation of the body in roll. The values
of Fp and M change, of course, with spin through the rolling moment,

CZP g%, and through the Magnus forces and moments, which will be discussed
shortly. .

A more adequate treatment of the consequences of rotational symmetry
than has been presented here hes been carried out in references 10, 11,
12, and 13. The general case of rotational symmetry about eny submultiple
of 360° is studied in these references in a most elegant and rigorous
manner and it 1s shown that the full set of aerodynamic coefficients is
reduced to the set given by equations (28) and (29) for rotational symmetry
about all submultiples of 360° less than 180°, that is for an angle of
360°/n with n =3, 4, 5. . . (any integer greater than 2). Ninety-
degree rotational symmetry, or cruciform symmetry as it i1s commonly called,
i8 only a special case and was chosen primsrlly to ald in visualizing the
physical aspects of the analysis. Hence the phrase "or its equivalent"
means rotational symmetry about any submultiple of 360° less than 180°.
The 180° case lies in between the aircraft and missile cases but will not
be treated in this paper (for an analysis of the 180° case, see refer-
ence 1k).

Geometry, Conditions of Flight, and Kinematic Relations

The geometry is shown in figure 2., Three sets of Carteslian coordinate
axes are used in developing the equatlions of motion, instead of two sets
as formerly in the aircraft case. One set is fixed with respect to the
earth and is known as before as "earth axes.” The second set is fixed

1The guthor is indebted to Mr. C. H. Murphy of the Ballistic Research
Laboratories for pointing out to him the roll inveriance of the aerody-
nemic coefficients of a roll symmetric projectile or missile.
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partly in the missile and pertly in space and is known as "pseudo-
stability axes." The third set is fully fixed in the missile and is known
es "body axes." The relative orientation of the three sets of axes is
shown in figure 2. Other features of the geometry such as the locations
of the gravity and velocity vectors and the designations of quantities in
the figures are the same as in the aircraft case and reference ia made to
the previous section "Geometry" and to figures 1(b) and i(e).

The earth axes are designated as before by Xo¥oZg. They are flxed
with respect to the earth, but, since the earth's rotation is negligibly
slow compared to the angular velocity of the missile, they are considered
to be Galllesn axes fixed in space. Thelr orlentetion in space is deter-
mined by two fectors: First, the Xy axis is alined parallel to the X
axls in the neutral position of the missile; that is, the position for
which the angles «, B, ¥, 8, and @ are taken to be zero. In other
words, the X, axis is located by the initial conditions of the flight.
Second, the Y, eaxis 1s horlzontal and points to the right (of ean
observer facing forward) and Z, points down (but not necessarily verti-
cally down). A4s formerly, two locations are designated for the origin
of coordinates of the earth axes, depending on the component of the motion
being considered. For angular measurenents, the origin of coordinates is
taken to be the center of gravity of the sireraft at some particular point
along its flight path. For linear measurements, the origin of coordinates
is located as. required by the over-all scheme of measurement which would
be set up to anslyze the flight of the missile.

The pseudo-stabllity axes are deaignated by XYZ. This set of axes
exploits the freedom brought by the symmetry of the missile to orlent the
axes at will about the axis of rotational symmetry. The X axis lies
along the axis of rotational symmetry. The Y axis lies in the space-
fixed X Yy plene. Their origin of coordinates is at the center of
gravity. In other words, the X axils is fixed in the missile and moves
with it while the Y axis slides sbout in the X5f, Dplene., The positive
directions along the axes are a8 follows: X 1s positive forward; Z 1s
poeitive down; Y 1is positive in accordance with the right-hand screw
rule. ©Should the X axis happen to be vertical in the neutral position
of the missile, the orientations of the Y and Z axes (and the Y, and
Zo axes) become arbltrary and would be determined by the conditions of
the particular flight under consideration. It should be noted that these
axes do not roll, since Y remains in the X, Y, plene, and consequently
the @ and the derivatives of ¢ (d@/dt, a%¢@/dt?, etc.) of the XY¥Z
axes are zero and remaln zero durlng the flight., It should also be noted
that all three axes, X, ¥, and 2, are principasl inertlas axes, es s con-
sequence of the rotational symmetry of the missile,

The body axes are deslgnated by i, 5, 3. They are firmly fixed in
the missile throughout the flight and are oriented so that 1 lles along
the axis of rotational symmetry and 2 and 3 are coincident with Y and Z

g
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at that point on the flight path which determines the initial conditions
of the flight (1, of course, is coincident with X at all times). Their
origin of coordinates is at the center of gravity.

The orientation of the misslle in space 18 defined by three angular
coordinates, two of which, V¥ and 6, give the alinement of the pseudo-
stability axes XYZ with respect to the earth axes X Y5Z2g; and one of
which, @, gives the alinement of the body axes 12 3 with respect to the
pseudo-stability axes XY2 (see fig. 2). If these angles are all zero,
both the pseudo-stability axes and the body axes point in the direction
of the earth axes. Any other orientation of the missile is reached by
two consecutive rotations of the XYZ axes, starting with XYZ coinci-
dent with X,Y,Z,, and one rotation of the 1 2 3 axes, starting with
1 2 3 coincident with XYZ. In defining the rotations, the point of view
is taken that the axes in question start in the posltlion specified and
proceed 1n ordered sequence to their final position. In particular, the
two rotations of the XYZ axes are noncommutative and must be taken in

.the order listed.

L's first rotation of XY¥Z. Start with XYZ pointing in the
directions of XgYoZo. Rotate about Z, through V¥ bringing
Y to 1ts final posltion.

e second rotation of XYZ. Rotate about Y through 6, bringing
X and Z to their finel positlons.

) rotation of 1 2 3. Start with 1 2 3 coincident with XYZ.
Rotate about X through @.

The angles, ¥, 6, 9, may also be defined as the angles between coor-
dinate axes and the intersections of certein planes. For the purpose of
these definitions it is considered that the origln of coordinates of the
Xo¥oZo axes is momentarily coincident with that of the XYZ axes. The
point of view taken here is that the XYZ and 1 2 3 axes are in their
final positions given by the orientation of the missile in space at the
moment in question. The sign of the angle 1s specified by giving the
axis about which the rotation is taken in going from the line named first
to the line named second in the definition. The axis of rotation is

listed in parentheses in each definition.

¥ angle between X, and intersectlon of X Y  and X7, planes;
also angle between Y, and Y (rotation about Zo)

e angle between intersection of X Y, and XZ, planes and X;
also angle between Z, and Z (rotation about Y)

P angle between 7Y and 5; glso angle between Z and 3 (rotation
about X)
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It should be noted that the roll angle ¢ in the spinning- projectile
and symmetrical-missile cases measures the rotatlion of the body axes 1 2 3
and not the rotation of the pseudo-stabllity exes XYZ. As pointed out
previously the XYZ axes do not roll.

It may be of interest to note that the angles, ¥, 9, @, are the
Eulerian angles as defined in the classlcal treatment of the motion of a
gyroscope (e.g., see section 43, "Heavy Symmetrical Top or Gyroscope,"
of ref. 15). The axis X corresponds to the "axis of spin" (axis of
rotational symmetry) of the gyroscope, and the axis Y corresponds to
the "line of nodes."

The following conditions are postulated for the missile and for ite
motion in flight:

(1) The missile hes not only mirror symmetry, but also 90° rota-
tional symmetry, or its equivalent, the axis of symmetry being the X
axis.

(2) The magnitude of the veloclty of the misslle may be large but
the change in the velocity must be small. Accordingly, the velocity may
be represented by a constant plus a small perturbation, that is,

V=V, +u., (See eq. (2).)

(3) The angles orilenting the pseudo-stability axes with respect to
the earth axie, ¥, 6, and locating the velocity vector, B, a, are all
small,

(L) The Y and Z components, g and r, of the angular velocity of
the missile gre small.

(5) The X component, p, of the angular velocity of the misslle
may be large but the change in p must be small. Accordingly, p may be
represented by & constant plus a small perturbation; that is,

P = py + p (34)

(6) The flight path of the missile is & perturbation on a linear
trajectory.

Conditions (2), (3), (L4), and (5) may be summarized by saying that
the following variables must be small (e.g., have a numerical magnitude
of 0.1 or less) and hence are first-order quantities:

6 ¥

7 B o? small, for example,
© 0.1 or less

p*'l al rl

2V 2V 2Vp

(35)

Vi
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where 1 18 a characteristic length. Agasin it should be noted that if
8, @, al/eVy, and r1/2V, are first-order, then f1/2Vy and @l/2V, will
also be first-order. Alsoc, it should be noted that Vs, ®, Dy, and 7
may all be large.

Again it should be emphasized that, although the linear theory gives
an adequate description of the motion in flight of many projectiles and
missiles, there may be cases in which the second-order terms neglected in
the derivation of this theory are as large or larger than the first-order
terms retained. Consequently, the analysis of an actual flight should
include a check of the relative magnitudes of first~ and second-order
terms. The point here is that in both the aircraft end missile cases the
a priori assumptions of the theory should be checked a posteriori by an
analysis of the mesasurements.

As in the aircraft case, the equations of motion are derived from the
basic vector equations

diM =
= F (3)
ag _ 7
at M ()

The components of the linear momentum, Ez;amd the velocity, V,
along the XYZ axes are given as formerly by the tabular listing of
equations (5).

_ In deriving relations for the components of the angular momentum,
H, there are three angular velocities involved:

(1) W angular velocity of the missile with respect to the earth
axes, XoY Zg

(2) 9] angular velocity of the XYZ axes with respect to the
Xo¥nZo axes
(3) angular velocity of the missile with respect to the XYZ

axes
It can be shown that

B =0+% (36)
The components of Q are given by equations (7b) with o = é = 0,

gince the XYZ axes do not roll. For convenience in computing the
relative magnitudes of terms in the equations of motion, these components,
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Y,q,r, may be written as follows, expanding sines and cosines and retaining
only first- and second-order terms:

Qx= ~0r
ag

fy = 3% (37)
_ v
7 = 3

Since the 1 and X axes are coincident, the components of ¥ are
given by

d
S
wy = 0 (38)
WZ=O

Substituting equations (37) and (38) in equation (36), with Jyxy = O,
gives the components of H and W along XYZ in terms of @, &, and ¥
by (correct to second order)

gl

i

a
i Ixp p = E% ~ Or
(39)
de
J Iyq a=7
k IZr r = %%

In equations (39) the transverse components of ﬁ, HJ and Hy, are written
as Iyq and Iyr. Now, it can be shown that rotational symmetry reguires
that Iy = IZ. Consequently, & single value may be assigned for the
transverse moment of inertia. This fact is used in deriving and solving
the equetions of motion for symmetrical missiles. In deriving equatilons
for B, a, ¢, 8, and ¥ the rates of change of M and H will be computed
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with respect to the XYZ axes and, hence, equations (3) and (h) must be
trensformed in order to account for the movement of the XYZ axes. The

trensformation for the rate of change of any vector A from fixed to
moving axes is given in the missile case by

+ QX A& (Loa)

e

3

where__K is the rate of change of & measured with respect to XYZ axes
and 0 is the angular velocity of the XYZ axes with respect to fixed
(earth) axes. The components of the transformation are given by

d.AX . w

T = A+ ez - Thy

dAY . $

?_E- = AY -+ I‘AX (h'Ob)
dAZ _ A

at z - ahy J

Aerodynamic and Gravitational Force Systems

As in the ailrcraft case, the resultant external force F of equa-
tion (&) is the sum of the aerodynasmic and gravitational forces, as given
by equation (10), while the external moment M of equation (5) is solely
an aerodynamic moment.

Concerning the aerodynamic forces and moments, it 1s assumed, as_
formerly, (2) that the components of the resultant force and moment, Fp
and M, are given by equations (11) and (12); (b) that the coefficients,
the C's in equations (11) and (12), are functions of the variables B,
%, B, & P, g, and r; and (c) that these functions may be expanded in a
series in the variable named, where the general formula for any coeffi-
cient, Cq (8 =X, Y, Z, 2, m, n), is given by equation (13). Ageln, the
coefficients of the series, the aerodynamic coefficients, are assumed %o
be independent of the dependent varisbles named and to be functions only
of the body!s external contour and of such fundamental aerodynamic para-
meters as Reynolds and Mach numbers.

In the aircraft case, all of the variables, B, a, B, a4, p, ¢, and T,
are assumed to be small, and consequently, all quadratic terms in the
series expansion of the serodynamic coefficients (eq.(13)) are second-order
and may be neglected. However, in the missile case one of these variables,
p, may be large and the quadratic terms of the series which 1nvolve p
way be first-order and must be included in the equations for the aero-
dynamic forces aend moments, equations (28) and (29). There are also
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higher-order terms in p which are first-order 1n the other varisbles

and therefore should be included from a strictly loglcael standpoint. How-
ever, the available experimental date indicate that the forces and moments
in question vary linearly with p to within the accuracy Jjustified by a
first-order theory. Accordingly, only the quadratic terms involving p
will be included. The general formula for the quadratic terms of any
coefficient Cg, which involve p, is given as follows, where a stands
for ¥, ¥, Z, 1, m, or n:

- L. . Bipe

ol pl pl pl al pl
Cegp 57 ov + Capp oy o7 * Ceap By v t+
ri pl
Carp 57 57 (k1)

The quadratic terms involving p are known in the balllstic nomenclature
as the Magnus forces and moments.

The conditions of symmetry require that meny of the Magnus coeffi-
clents vanish. Furthermore, rotational symmetry establishes relations
between coefficients associated with motions in the pitch plane (XZ) and
in the yaw plane (XY). The Magnus terms remaining are listed below:

2
c ol
X Cxpp _2V>
pl al pl gl pl
Cy Cyop® 57 + C¥gp 37 57 * CYop 7 o9
Pl _o,. BlLDL rl pl
Cz - Cog P 57 - C2gp ¥ 5V - CZrp Z¥ SV
(k2)
o (There are no rolling-moment Magnus terms)
pl, . Blpl £lpl
Cm CogpP 57 + Cupp 57 57 * Cmpp 57 5
bl o . 41pl at pt
Cn Crop® 57 + Cndp 57 2v * CRap 37 57

The equalities between coefficients are given by
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CYap = CZﬁP ‘ Cngp = Cme
CY&p = CZBP Cndp = Cmép (43)
CYgp = = Czpp Cngp = - Cmyp

The aerodynamic forces and moments specified up to this point
(eqs. (28), (29), (42), and (43)) arise from the interaction of the air
with the missile's principal serocdynamic surfaces, which surfaces are
assumed to conform to thz requirements of mirror and rotational symmetry.
However, in practice there may be small asymmetries in the missilels
contour or asymmetries due to control-surface deflections, and under
certain circumstances it may be desirable to include serodynamic forces
and moments caused by the asymmetries. Forces and moments of this nature
will be omitted from the main development of the equations of motion
carried out in this section. However, they are described in Appendix B
and their effect on the motion is discussed briefly. For & more complete
discussion of the consequences of aserodynamic asymmetry see reference k.

In summarization of the aerodynamic contributione to the external
force and moment, the conventional aerodynamic coefficients are given by
equations (28) and (29) and the Megnus coefficients by equations (h42) ana

(43).

The remaining contribution to the external force, the force of
gravity, F,, may be resolved at once along the XYZ axes from eque-
tions (17), since ® = O for the XYZ axes:

FGX = mg(- gin 75 - 8 cos 76)

Foy - ma(¥ sin 7o) $ (1)

mg(- 8 sin 7, + cos 7,)

J

Derivation of the Differential Equations of Motion

The differential equations of motion for the projectile snd missile
cagses are derived 1ln a similar manner to the aireraft case. The kinematic
relations and the equations for the external force and moment are
substituted into the basic vector equations (3) and (4), resulting in
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six scalar equations, three associated with components of the force and
three with components of the moment. Specifically, the substitutions
involved are these:

Equations (3) and (L) are first transformed from fixed to moving
axes by equations (hOb). Equation (3) for the linear momentum is devel-
oped by equatlions (4) for the kinematic momentum relations and by equa-
tions (10), (1l), (28), (29), (k2), (43), and (Lh) for the external force.
Equation (L4} for the angular momentum is developed by equations (39) for
the kinemstic momentum reletions and by equations (12), (28), (29), (L42),
and (43) for the external moment.

Again, the equation associated with the axlal drag force (Fy) is
treated as a gpecisl case and derived by resgolving the vector equation (3)
elong the X5 axis rather than the X axis in order to avold the
(qAZ - rAy) term. The equations associlated with the slde force (FY) and
the normal lift force (Fgy) contain a term in mV which is glven precisely
by the axial drag equation. However, in the gide-force and 1lift equa-
tions, thig term is approximeted by -Cy pVZS/2, since it is belleved that
the remaining terms in the drag equationoare negligibly small under most
circumgtances. Full detalls of thig step are given in Appendix A.

The next two steps in the derivation are the same as in the air-
craft case, The equaticns are linearized by separating into flrst- and
gsecond-order (and higher in order) terms and retaining only the first-
order terms. The detalls of thls step are given in Appendix A. Nondimen-
slonal time and concise notation are introduced next.

The final step in the derivation differs from that teken in the
alrcraft case in one respect and is similar in another respect. The neu-
tral attitude of the misgile is not the steady-state glide of the alr-
craft but 1s one in which the longitudinal axis of the missile points in
the direction of motion (@ = = 0). Since symmetry requires the Cgg

coefficlent to be zero, the maln 1lift force due to the effective angle of
attack of the aerodynamic surfaces is lost in the neutrel attitude, and
the 1ift, drag, speed, welght, and flight-path elevation will not be in
balance with the missile in this position. Consequently, the gravity
terms cannot be replaced with corresponding derodynamic terms as in the
cagse of alrcrsft. On the other hand, it ie eppropriate to replace the
factor, zg, by the 1ift and drag factors, z g, Xop» utilizing thereby the
gtatlic characterlistics of the migsile measured 1n a wind tunnel., Symmetry
suggests that it would also be appropriate to replace the factor yp by
the corresponding side-force and drag factors, yg., Xop, Which would be
measured in a tunnel. The ressons for making these substitutione are the
same ag 1n the aircraft case and reference is made to the digcussion
leading up to equations (19). The corresponding equstions for the missile
are

| 9%
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Xo

XoD

X = ZQ.L + XOD ()4-58,)

yB = yBL - XaD

Substituting equation (28) into equation (45a) gives the relation between
the slde-force and 1lift factors of a symmetrical missile from wind-tunnel
tests, namely

yBL = -ZCI.L ) (}'I'Sb)

The six differential equations are listed below in the same order
as in the alrcraft case: the three force equations, axial drag, side
force, and normal 1ift force, and the three moment equations, roll, pitch,
end yaw.

D <%> + 2xg <%> + Xg + 2vxppDO - V3xpp + %g = O (46)
(1 - yg)DB - wppp + (1 - yr)D¥ - xg¥ -
VyEpDa - V¥gp® - VygpDd = O (47)
(1L + 25)Da + Z 1% - (1 - zq)De + xgf +
vz DB + vzgyB + vzrpDy - zg = 0 (L8)
D% - 1pDp - vip G%) =0 (49)
D29 - mgDd - mGDo - me® - VmgLDE -
vingpB + V(K - mpp)D¥ = 0 (50)
D?¥ - nyD¥ - niDg - ngB - vugpDe -
vogpe - v(K + ngp)D8 =0 (51)
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Digcussion of the Differential Equatlions of Motion

If equations (L&) through (51) for the projectile and missile cases
are compared with the corresponding equations (20) through (25) for the
aircraft case, 1t ig evident that they can no longer be dlvided into two
geparate and distinct groups in the same way that was possible in the
alrcraft case., Equations that formerly involved only the set of varlables
u/Vo, &, and 6 or the set ¢, B, and ¥ now contain members from both
gsetg, Closer ingpection discloses that the new members in the alrcraft
equetions are all multiplied by the mean spin, v, and hence the spin is
shown to be responsible for the interaction between that phase of the
motion gssoclated with u/V,, o, and § and the phase assoclated with o,
B, and ¥, In a word, the spin couples the longitudinal and lateral
motions.

Although the six equatilons can no longer be separated into two parts,
cne defining the longitudinal stebility and the other the lateral sta-
bllity, 1t 1ls possible to divide them Into two distinct groups. Equa-
tions (ﬁ6) and (49) involve only the varisbles u/V, and ® and constitute
one group. Equations (47), (L48), (50), and (51) involve only the vari-
ables B, a, 6, end ¥ and constitute the other group. Furthermore, it
will be ghown that the later group can be reduced from four equations to
two equations by introducing complex varisbles. Consequently, the differ-
entlial equations of motion for projectiles and missiles can be reduced to
two distinet pairs of equatlons with each palr involving two dependent
variables. The differentisl equations will be reformulated in this manner
and will be golved in the followlng section.

It may be instructlve to return at thls point to a statement made in
the introduction that "the aircraft equations do not describe the gyro-
gcopic nutation and precesslon of & spinning shell, and the projectile
equations do not desecribe the phugold oscillation of aircraft" and to
discuss briefly the reasons for thlsg statement. The phugoid osclllation
of asircreft will be considered first. Equations (20), (22), and (24) may
. be sgimplified to glve the essentigl features of the phugeld as follows
(gee eqs. (10-100) of ref. 5):

D (%) + 2,8 =0 (52)

2z, G%-) - D6 =0 (53)

Comparison of equation (52) with equation (L&) and of equation (53) with
equation (L8) shows that the =z 6 and 2z,(u/V,) terms are missing from
equations (46) and (48) for the missile and projectile case. Now, the

L



L

NACA TN 3350 L5

Zo factor is the constant 1ift coefficilent that arises from the balance
of weight by 11ft required by the equilibrium condition. of a steady-state
glide. BSince the equilibrium condition of projectlles and missiles 1s
with their 1ift zero (or what corresponds to an equilibrium condition,
gince they are never in a truly steady state in flight with all dependent
variables zero, except in & terminal veloclty vertical dive), the z4
terms vanish from the projectile and missile equations and they do not
prediet the phugoid oscillatioca. In other words, projectiles are hurled
rather than flown through the air.

The gyroscoplc nutation and precession of spin-stabilized projectilles
will be considered next. The essentials of the gyroscoplc motion are
shown 1f the only external force or moment acting is taken to be the
moment glven by mg, referred to in the ballistic nomenclature as the
"overturning moment.” In thils case, the equations of motion reduce to

D°6 + VKDY - mgx = O (51)

D2¥ - VKDg - ngp = O (55)

Compering equation (54) with equation (24) and equation (55) with
equation (25), shows that the VKDV and VKD8 terms are missing from the
aireraft equations. Since these particular terms are essential to the
gyroscopic motion (as will be shown shortly), it is clear that the ailr-
craft equetions cannot predict the motions of rapidly spinning projectiles.

Dynemic stability requlrements for spin-stabilized projectiles are
not as widely known among aerongutical engineers as those for aircraft
and it msy be Informative to discuss this aspect of the subJect briefly.
The essential features of the gyroscoplc precesgion and nutation can be
developed from equations (54) and (55). In this simplified case, the
trajectory 1s a straight line, since there are no external forces; X, X,,
and V are all colncident; and the asngles of pitch and yaw are related
to the angles of attack and sideslip as follows:

B = -¥
(56)

& =g

Using equations (56) and the equality ng = -, from equetions (28),
equations (54) and (55) become

(57)

(58)

]
(@)

Dea - VEKDB - myo

l
@]

DZ8 + VKD - mgfB
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Equations (57) and (58) can be reduced to a single equation in the
complex variable,

§=B+1Cﬁ
namely,

D2t - 1VKDE - myk = O (59)

where i(=J:I) has the significance of an accounting parameter permitting
the simultaneous solution of the pitch and yaw equatlons.

The solution of equation (59) is glven by

S.t" Sat
£ = Aje + Ae (60)

where A, and Ay are constants which are functions of the initial con-
ditions and of S5 and Sz, and S; and Sy are given by

_1VK +N-KHE 4 hmg _ivK -V-K2v2 4 hmg
2

1 5 (61)

Sa

It should be noted that mg i1is positive for spin-stabilized projJectiles
(i.e., the center of pressure is shead of the center of gravity; 1f mg
were negatlve, the projectile would be arrow stable and spin would not

be needed for stability) and the radical will be either real or imaginary
depending on whether K22 ig smaller or greater than Umg. The other
factor in equation (61), ivK, is always imaginary and hence the motion is
always an oscillation.

Now, if the radical in equation (61) is real, the S's will be
complex and one of them will have a positive real part. Hence, the
oscillatory motion will diverge. On the other hand, 1f the radical is
imaginary, the S's will be purely imaginary, and the motion will be
an oscillation at constant amplitude, which 1s the steble type of motion
in this simplified case since damping terms have not been included. Con-
sequently, the criterion for stabllity is

K22 >hmny
or

K22

bmg,

> 1

In ballistic nomenclature, K*Z/lmy is called the "stability factor.”
In other worde, the analysis of the simplified equations of motlon has
led to the well-known requirement for stable eplnning shell, namely, that
the stability factor must be greater than unity.
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The complete differential equations of motlcn are solved in the
following section of this report. In the solution, the equations are
transformed from time to distance as the independent variable. However,
it can be shown that the nondimensional equations in t* are the same
a8 those in xt except for minor differences in coefficients, which will
be accounted for in the development that follows.

The integrated equation for the & (t1) history will have precisely
the same form as equetion (93) for the §(x+) history. It can be seen
that the complete & equation has the same form as the simplified equa-
tion (60) except for asn additional term, the constant, d,. For the
E(x%) equation (93) the relations between the exponents in the equation
and the aerodynamic factors are given by equaetions (162) and (163). For
the E(t+) equation (60) the corresponding reletions are given by

S;p =T, + Tp, Spp =Ty - Ty
o _vK(ro) g _ VE(L - 0) (62)
i1 =5  Sar=——F—
where
T - (2, - mq - mg)
L= -
2
bmg ¢ mgt P2
T _ ZG,.L mq a K
2" 20
0’ = l - J—‘
8

2
s = Lm_ = gtability feector
@

The above solution
is valid for -w<s<0,

(¥
N\
that is, for missiles \\\
with arrow stabllity cor- \

responding to mg being g\

negative, and for £

l1<sg< +w, that is, for S

spin-stabilized projec- 1.0 E \ 7

tiles with & stability . b \\

greater than unity. The

values of ¢ correspond-

ing to values of s are \

shown in sketch (c). The 0 0\\

solution is not velid, - .0.0 1.O +

Sketch (c)
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however, in the reglon O < s < 1 (shown crosshatched in the sketch) for
which o 1s imeginary.

Equations (62) are in the most suitable form for spin-stebilized
projectiles (s >1). Bowever, they have a clearer physical significence
for missiles with srrow stability (mq < 0) if they are rewritten as
follows:

Sig = T1 + T2 5 Sgr =T1 - T2
(63)
Si1 = % (;K + N -km + v2K%>., Sp1 = % <;K - N -bmg + VZK%>
where
oo (241, - mq - BG)
1= 2
K om
Tz = i Zop, + Mg + mg + —Bp )
2 -bmg + v3%2 K

Equations (62) show thet the criteria for the dynamic stability of
spin-stabilized projectiles, that is, the requirements for a convergent.
ogclllation, are

g8 >1 (or o >0)
Sz <O (64)
S, < O

The term T; is normally negative. Hence, it can be seen that dynamic
stability requires that Tp < T; regardless of the sign of Tp. In
practice, the magnitude of T depends on & balance between the 1lift,
241, the damping moment, mqg + md; and the Magnus moment, m p* That spin-
gtabilized artillery projectiles are in reality fully dynamically stable
is a fact that has been thoroughly verified by experiment.

Lift and Magnus moment are both vital elements and must be included
in the equations of motion in order to derive the correct criterla for
dynamic stability. If they are omitted, equations (62) take the form
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( 5)
s = S (00
(mq + mg)
- 2 <l - %)

Now 0< o<1 for 1< s < w; hence,

(14350
(e

Therefore, one S will be positive even though (m + mg) 1is negetive,
and a simplified analysis with 1lift and Magnus moment omitted would lead
to the erroneous conclusion that spin-stebilized artillery projectiles
cannot have a convergent oscillatory motion (see section on "Application
of Results: Missiles” of reference 14).

(65)

SzR

APPLICATION TO THE FREE-FLIGHT TEST FACILITY:
THE AERODYNAMTC RANGE

During the past two decades & new facility, the aerodynamics range,
has been developed for measuring the aerodynamic properties of bodies in
free flight. The range 1lg properly classed as a flight-test faclility,
gince the gerodynamic measurements are made during a completely free
flight of the model. Accurate records are taken of the model's movements
along a certain length of 1ts flight path and the aerodynamic characteris-
tics are determined from these records.

The experiment consists of recording the poslitions, angular orilenta-
tions, and times of the model at g geriesgs of stations placed along its
flight path through the range. Photography is the primary medium used for
recording, since it is a precise technique and one which does not inter-~
fere in any way with the modells flight. An electrical spark discharge
generates the light for the photography and its durestion can be made so
short that the picture is nearly instantaneous in relation to the movement
of. the model during the time of exposure. Hence the photographic record
gives the x, vy, z, 9, 6, and ¥ of the model at the particular instant
of time that the sperk produces the exposure. The remaining flight datum,
t, the time at which the photograph i1s taken, is measured by a specisal
high~precision chronograph. To enumerate specifically, the experimental
data from the flight records are ¥y, z, @, 6, and ¥ at a serles of x
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and t along the trajectory. In addltion, measurements are made of the
model's physical propertles, that 1s, its dimensions, welght, center of
gravity, and moments of inertis, before flying it in the range. -

To the suthor's knowledge, there are seven gerodynamlcs ranges In
operation at the present time: The Aerodynamics and Transonic Ranges and
the Controlled Temperature-Pressure Chamber at the Ballistlc Research
Leboratories (U. S. Army), the Pressurized and Aerodynamics Ranges at the
U. S. Naval Ordnance Laboratory (U. S. Nevy), the Aeroballistics Field
Leborstory at the U. S. Navael Ordnance Test Station (U. S. Navy), and the
Supersonic Free-Flight Wind Tunnel® at the Ames Aeronautical Laboratory
(NACA). The forerunner of all these facilities, the Aerodynamics Range
at the National Physlcal Laboratory, Teddington, England, 1s dismantled
at the moment of this writing, although it is understood that plans are
in effect for its reconstruction at Fort Halstead (Kent, England).

The aserodynemlcs range 1s unique smong flight-test facllities not
only in its measurement techniques but glso in the conditions under which
1ts testing is carried ocut. The extent of the flight path is severely
limited. The region of space under observation varies from s length of
15 feet with a cross section 1-foot square in the smallest range to s
length of 750 feet wilth a cross section 25-feet square in the largest
range. Testing 1s confined to flights for whilch the trajectory is nearly -
a straight line and the changes in veloclty and angular Inclination of
the model over the length of the range are small. Most of the models
themselves are either simple bodies of revolution or bodies with cruciform
wings and fins having 900 rotational symmetry. Consequently, test condi-
tions in the range agree with the flight conditions assumed for projectiles
and missiles in the present analysis, and the equations derived herein
describe correctly the linear and angular motions of models flown through
the renge.

Two steps &re required to obtaln the gerodynemic characterilstics of
the model from the flight-test data. First, the constants in the equa-
tions of motion are evaluated to give the best possible “"fit" to the
experimental measurements. Second, the serodynamic coefflcients are com-
puted from certain of these constants. In this sectlon of the report, the
differential equatlons of motion wlll be solved for the partlcular test
conditions preveiling in the aerodynamics range, the process of "fitting"
the equations to the test dats wlll be discussed briefly, and relations
between the constants of the equations and the serodynamic coefficients
of the model willl be derived.

ZAt the Ames Laboratory, the test chamber of the range 1g the work~ \
ing section of a supersonic wind tunnel. 'Thus the Ames facility combines
the wind stream of a supersonic wilnd tunnel wlth the measurement techniques
of the range. The purpose 1ig to carry out free-flight testing at much -
higher Mach numbers than would be possible in still air at normal room
temperatures (see ref. 16).
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Equations of Motion

The conditions of flight are modified slightly to fit the particular
circumstances of testing in the range. The trajectory is so nearly hori-
zontael that 7, will be considered equal to zero in the x; and zg fac-
tors, thereby making

¢ = 0
) (66)
G T osv 2

The variation of drag with spin is so small according to the limited
experimental evidence availlable (see ref. 17) that the xpp ‘terms may
be neglected in the drag-force equation, (46), compared to the x, term.
However, should the conditions of any particular test be such that the
Xg and Xpp terms are not truly negligible, they may be readily included
in the general solution of the equations of motion since both are linear.

The independent variable 1n the equations of motion will be changed
from time to distence and the equations transformed accordingly. It has
been claimed that distance is the natural variable rather than time (see
ref. 11). From the experimentel stendpoint, the distance is recorded in
every photograph while time is recorded only at & few, widely spaced sta-
tions along the range. From the theoretical standpoint, the inertial
forces vary with the square of the time and, in transformation to distance
as independent variable, with the square of the velocity. Now, the aero-
dynamic forces also vary with the square of the velccity, so it might be
expected that the velocity would diseppear as a primery parameter from
the transformed equations.

These advantages are realized in the case of the rolling motion
(eq. (M9) for @), for which distance is the better variable on which to
base the analysis than time. The veloclty no longer appears explicitly
in the ©@(x) equation and the speed range over which the equation correctly
describes the rolling motion is limited only by the variation of the aero-
dynemic coefficients with Msch and Reynolds numbers. Furthermore, the
basic differential equation for the rolling moment is linear in ¢ and
contains no first-order term involving the other dependent variables. It
is not necessary to limit the varistion in the value of @ in order to
linearize the equation and its solution is velid for large changes in @
a8 well as for smaell changes. Also the rolling motion is independent of
the other motions and may be treated as e special case. Accordingly, a
constant aerodynamic rolling moment, CZO, is Introduced in order to
include the class of missiles having aerodynamic surfaces with aileron
deflection. OFf course, alleron deflection violates the requirement of
mirror symmetry but ies permissible in the rolling-moment equation since
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relaxing this requirement introduces no new terms in the rolling-moment
egquation. It is to be understood in the subsequent analysis that only
the @(x) equation is valid for large changes in spin and possibly also
in veloclty; all other equations are still subgect to the limitetion of
small changes Iin both spin and velocity.

Actually, the advantages of uslng distance rather than time are not
as grest as might be supposed. The experimental data are reduced in such
g manner that time can be computed easily and accurately for &ll of the
photographic records. The transformed equations, with the exception of
the rolling-moment equation (49) for @, 8till contain terms involving
the veloclty, and it is necessary to postulate that the change 1n velocity
be small in order to linearize the equations of motion. In fact, the
equations for the transverse displacement and for the pltching and yawing
motione are practically identicel for either the nondimensional time or
the nondimenslongl distance as independent varilable, and flight data from
the range could be ansglysed on either basis. However, in conformity with
accepted ballistic practice, dlstance will be selected as the wvariable
used 1n developing the equations of motion for the range.

In developing the transformation from time to distance it will be
recalled that the x distance i1s measured along the space-fixed axls,
Xo. On the other hand, the veloclty 1s strictly determined by the rate
of change of distance along the trajectory, that is, letting 8 be the
arc length along the trajectory

ds

V=3

Hehce, the relation between V and x is gilven by

- @& ®

T 2
ds _. = @.’VXO)
-a;{-—sec{V'Xo— l+'—2 + o . .

where

Now, the angle between V and X5 1is normglly very small, being less than
2° (0.03 radisns). Therefore the term (#VX )2/2 1ls of the order of
magnitude of 0,001 or less and may be safely neglected compared to unity.
Hence, the velocity may be approximated by

d
T e

Using equation (67) for the velocity gives the transformetion from time
to distance for any dependent variable A

-
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ol &
£le

(68)
a®A _yz @A v aa
at2 B dx2 dt dx

Now dV/dt is given by equation (A18), (since the Xpp and Xz ‘terms
are neglected) as follows

av pSx
SV (69)

After equation (69) is substituted in equation (68) the transformation
becomes :

dA dA
-V ax

(70)

QA _ 2 g2 _ P o aa
a2 dx> m dx

Distances are nondimensionalized in a manner similar to times by
defining a base distance, pl, and denoting the nondimensional distence
by a plus; that is,

+ )
+=—-
X 7
+ J

= 1
A } (71)
+- z
Z' = —

pt

Differentiation with respect to x* is denoted by ID; that is, for any
quantity, A

|5

Da == (72)

dx

Hence, the nondimensional form of the transformation from time to distance

is gilven by
(&) ma
o

2 2
Vv 2 v

DA

(73)
D24
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One possible procedure at this point would be to substltute equa-
tion (73) into equations (46) through (51), thereby transforming directly
from t% to xT. However, it can be seen that neither gV/Vo) nor (V/vy)2
is a common factor in any of the equations of motion, (46) through (51),
and that, if this procedure is followed, it will be necessary to make
further approximations in order to linearize the equations. A better
procedure is to return to the exact vector equations, (3) and (4), the
kinematic relations, equations (39), and the moving-axes transformation,
equations (LO), to transform these from t to x using equations (70),
and to derive the nondimensional linearized equations in x* as formerly
in t%*, The detailed steps are carried out in Appendix A.

Two new equatlions in sddition to the set corresponding to equa-
tiong (46) through (51) are needed for the analysis of flight tests in the
aerodynamics range. The trajectory is recorded and serves to determine
the serodynemic 1lift coefficient of the model. The position of the model
transverse to the X, axls is given by the y and z coordinates of its
center of gravity measured along the Yo and Zo axes. In the derivation
the force system 1s simpliflied by retaining only the 1ift, drag, and
Magnus gserodynamic forces together with the gravity force, since experi-
ence In reducing experimentel data from the range has shown that the
contributions to the transverse motions by the remasining components of the
aerodynamic force are less than the errors of measurement and, hence, may
be neglected. The detailed derivation of the y and z equations 1s given
in Appendix A,

The elght differentisl equations of motion are listed below with the
firat three being the equations for the trajectory (x, ¥, and z) and the
remsining five for the trensverse velocity (B snd o) and for the angular
motion ( @, 6, and V), It will be recalled that rotational symmetry estab-
lished certain equalities between aerodynamlc coefficients associated with
motions in the pitch and yew planes and, taking advantasge of this fact,
the notation will be gimplified by using only the aerodynamic coefficlents
agsoclated with the pitch plane. The selection 1s arbltrary, of course,
and the yaw plane coefficlents could have been chosen Just as well.

Pt 4 2o (1 ¢ xot¥)E = 0 (74)
DFy* + zqB - vzgpe = O (75)
D2zt + Ty, + szpB = 24 (76)

(1 + z&)DB + zogp + (1 - 2g)DV - vzg IDa - vzgua + vzppD6 = 0 (77)
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(L + z2y)Da + Zgra = (1 - zg)De + vzp Dp + vZgoP + vapp DV = 74 (78)

[DZCP - (Zp + Xo)DCP =1y (79)

m%e - (mq + xo) D6 - ngDe- myeo - VmépID)B - vingpp + v(K - mrp)_ID)w =0
(80)

D% - (mg + %)DV¥ + mgldp + myp - vmg, Do - vag e - V(K - mpp) D6 = 0
(81)

Inspection of equations (75) and (76) shows that the coefficients,
1, 7qp, and vzg, of D%y*+, B, and a, respectively, in equation (75)
reappear as the coefficlents of MZ®z*, a, and B in equation (76). The
seme similarity of coefficients occurs between equations (77) and (78)
and between equations (80) and (81) and suggests that the three peirs of
equations may be reduced to three single equations by a proper choice of
dependent variables. This, in fact, is the cage; by defining three new
dependent varisbles

A=y++iZ+
E = B + ia (82)
T =% ~-16 (in =6 + ivy)

and including equations (74) and (79) in order to complete the get of
differential equations of motion, equations (74) through (81) reduce to

DPxt + xp (1 + xot1) 7" = 0 (83)
DRA + zgg =iz, (8L)

2gDN + 2. DE + 2.k = izg (85)

DPo- (1p + xo)Do = 1, (86)

Dy - npD7 + mgDE + mgt = 0 (87)
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where
ze =1 + 2. + 1vz
3 d fp
zng = 1 - 2q + ivzpp
> (88)
mg = my + iVme

Me = Me + ivm.
3 @ Pp

my = Wg + Xo + 1v(K - mpp) )

The physical significance of the complex dependent variables, A, E,
and 1, is evident if they are considered to be vector quantities. The
quantity A 1s the vector displacement of the trajectory transverse to
the X, axis. The quantity £ 1s the component of the wector velocity,
V, transverse to the model's axis, X; in ballistic nomenclature £ 1s
known as the "vector yew." The quantity 1n is the component of a unit
vector along the model's X axis transverse to the space-fixed X, axis,
thereby defining the orientation of X axis in space. Because of its
rotational symmetry, the model's motion in flight can be described by
thege three vector quentities together with the roll angle, @, and the
time-distance history, tH(x%).

The solution of the differential eguations of motlon is quite
streightforwerd. The coefficients in all equations are constants. Equa~
tion (83) contains only the dependent varieble xt and, although not
linear, may be integrated in closed form. Equation (84) is linear in the
dependent variables A and £ and may be integrated once a solution has
been obtained for £. ZEquation (86) contains only the dependent varisble,
©, is linear in @, and may be Integrated directly. ZEquations (85) and
(87) form a palr of simultaneous, linear differential equaetions for ¢
and n eand may be solved by a variety of methods; for example, by the
use of the Laplace transform (see ref. 18).

The exact solution to the xT(t%) equation (83) is given by
xt = xo'l 1n (1+xot™) (89)

The logarithm in equation (89) is expanded in a series, since xotT is
ordinarily a small cuantity, and x is expressed as a function cf t©
rather then x* as a function of tT 8o that V5 can be determined
directly from the time-distance records as is required for the computation
of T. Since xt =0,V =V,, 9=95: Do =v, A=24,, DA = (DY),
E=tg 1= T and Dn = (Dn), et t' = O, the solutions to the differ-

ential equations of motion (eqso 83 through 87) are glven as follows:
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X =8 + 2yt + ayt? + agt® (90)
+ +
. . i dledzx deed*x
A =by +bx’ + by(x")? + by —z — (91)
2 4
+
CaX
P = cg + C X" + cge s (92)
+ +
tE =dg + c’iledEX + daed‘*X (93)
+ +
N o= fo + £yxT 4 rede® 4 £ edeX (9k)

where

ag = constant required to adjust the zero of the distance scale to coin-
cide with the zero of the time scale,

x=0 at t=0 (95)
a, = Vg = &; (96)
- o = = %‘g’o‘ (97)
. .
8g = X; Zo (assuming xo constant) (98)
T
d; 4,
by = —_
o =80 + 27 (52_2"" d42> (99)
- di, % 100
bl (ID)A)O + Zg(dz + d4 ( )
1 - a
by = _fELETfELiz 4 (101)
by = - Z; (102)
o = o - [v(lp+xo)+lo} (103)
P © © (-Lp + Xo)2
-ZO

(10L)

- cl=z—————zp+xo)
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10
(Zp + Xo)z ( 5)
Zp + Xgo . (106)
iszq
- Zéd2d4 (loj
P(dp)
—_— 8
de(dz - 64) (lO )
P(d4)
da(de - d2) (109)
iz Z1) [(Dn)o + m°§<;J iz~m
G £ G™N
5.082 + _;g— - mﬂﬁo - = 5 - '—_Z"E‘“" (llO)
ds,d4 (111)
roots of . R(S) = 0 (112)
(8 = d,)(8 -dyg) =0 (113)
Z = WMpZe = Z.Me Mm.Z, + Zno
sz+< ¢ ng' Tl§>8-<;13771£> (11L)
3 3
a
n - Q(dy) - ala,) (125)
ap® (dp - dy) a2 (&, - 4,)
i (116)
zéd2d4
S 2,) (117)
dz (dz - d4)
Qla,) (118)

2
4,2 (a, - 4,)
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(Dﬂ)oZ§ + mézggo -~ mgzigo - 1ZGIIL5 o iZGmg

a(s) = (D)o 82 + - ——= (119)

Zs

4

Equations (90) through (9Lt) with the constants defined by equa-
tions (95) through (119) describe completely the motion of a projectile
or missile flying through the range under the conditions postulated. They
form the basis for determining the aerodynamic properties of the model
from an analysis of the flight records.

Reduction of Fllght Data

The first step in the reduction of data is the computation of the
constants appearing In the equations of motlion. It is assumed that the
equations represent correctly the actual motion of the model and that any
differences between the theoretical and experimental values are due to
errors of measurement. The problem 1s T0 determine the values of the con-
stants, the a's, b's, c's, d's, and f's, that glve the best fit of theory
and experiment. Specifically, the best fit normelly means that the sum
of the squares of the residugls between the computed and measured vealues
is a minimum.

In principle the procedure is to compute an initial set of values of
the constants by some approximate analysis of the data and to correct this
initial set through a series of iterations. The sum of the squares of
the residuals is computed at each step of the iteration, and the varia-
tion of the residuals with time or distance is studied in order to detect
any systematic trends. If the process is convergent, it 1s carried out
until the residuaels are random in thelr distribution and until the sum of
thelr squares approaches a steady, minimum value. Then, 1f the average
vglue of the residuals after the final iteration 1s of the same order of
magnitude as the estimated experimental error, the fit is considered to
be gatisfactory.

It should not be supposed that any one set of procedures has been
drawn up to reduce the data from aerodynamic ranges. The computations are
detailed and lengthy, and each range has its own unique methods adapted
to the peculiarities of the apparatus and to the uses for which the data
are obtained. Reference is best made to the facility of interest for a
description of the methods in use there.
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The final step in the reductlon of data is the computation of the
modelts aerodynemic coefficients from the constants of its motions. The
relations between the two are contained in egquations (95) through (119).
However, the equations nemed sre formulated from the standpolnt of com-
puting the motions after the gserodynemlc properties and the initiel con-
ditions have been given. It 1s desirable to transform these equations
and to simplify certain of them in order to facllitate the computations
involved in this step.

With regard to the constants in the x(t) equation (90), the a's,
the velocity and time factor are glven by:

Vo = a3 (120)
_Hl
T = o (121)

and the drag coefficlent factor by:

2Ta, 2#1&2
= - = - (122)
XO al al-?.

With regard to the constants 1n the ‘A(x+) equation (91), the b's,
the 1ift coefficlent factor, and Magnus force coefficient factor are given

by the real and imsginary parts of bg as follows:

ZGL = - bGR (123)
VZBP = - bSI (12)4-)

although 1t should be noted that the determination of Zpp from baI
may be marginal under certain circumstances.

With regard to the constants in the @(x*) equation (92), the c's,
the static and demping rolling-moment coefficient factors are glven by

bxg =g (ea. (106)) (125)

lg = = CiCg (126)

and the initial value of the nondimensicnal spin by

c (127)

V=rc; + czcy
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With regard to the constants in the &(x7) equation (93), the d's,
the relgtions between these and the gerodynamic coefflcient factors are
derived by equating the sum of the roots of the quadratic in S, equa-
tion (113), to minus the coefficient of the Ilinear term, equation (llh),
and the product of the roots to the constant term; that is,

Ze = MpzZsy = ZsDR
L
— =~ (a, +4,) (128)
mn 2z + Zapl
0 TE g (129)
“f

Substituting equations (88) into equations (128) and (129), regroup-
ing into real and imaginary parts, and replacing the aerodynamic factors
by thelr definitions in terms of the aerodyndmic coefficients gives for

equations (128) and (129)

-

) Czgp
Vz-'g;z‘(‘

CZG _ Zhp mg) _ “Zrp Omg
&KY 8m% 812 s hmﬁ 8P LkyR

. C
C'mﬁp CZq CZC'I, ZBP
—— 1 - —= 1+ — + 1v =
8HKy Ly by 8

= - (g + d,g) - i(dey + day) (130)
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c C
([ %o fmy Cla((Cf ) s Cmp T
2Ky? b 2KyF 2 \NbkyE 2 B2 hKky?

Ce
5 Axﬁp < _ Cmrp) J 1y [ X CL ﬁP ) Cmr-p CLG N
Buky= 2 uKYZ 8uky® 2

CZBP < Cx > _Yzg Cme Cmg, M’{[l . €2, J
LKy® 2 by LpKYZ 8;.1. 2Ky2

Cz., -1
iv '8—522} = @23 daR - d21> + 1 <d21 deg + deR d4I> (131)

It can be seen that many of the terms in equations (130) ana (131)
contaln the projectile density factor, d. Now, § 1is a large number in
all practical cases. It varies from 100 to 1,000 for full-scale projec~
tiles and misslles and from 1,000 to 10,000 for models tested in the
range. Consequently, certain terms will be much smaller than other terms
and maey be properly neglected conslstent with the other approximstions of

the linegrized equations.

Separating equation (130) into real and imaginary compconent equations
and neglecting sll terms of magnitude 1/p or smaller gives

(2o, = %o = mg - mg) = - (doR + A4R) (132)

= (81 + d 1) (133)

Separating equation (131) into real and imsginary component egqua-
tions, retalning only the terms of magnitude p 1in the real part, neg-
lecting all terms of magnitude l/u or smaller in the imaginary part,

and neglecting d,g d4r cOmpared to dpg dy7 glves
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"

my = dpT dut (134)

(d21 dsg + doR da1) (135)

’V(chnL + me)

The sum of the damping-moment fectors, mg + Ms, can be computed from
equation (132) using equations (122) and (123) for x and Z,7,+ The mean
nondimensiongl spin V can be computed from equation (133) snd checked
against the value from equation (127). The static-moment factor, meq, is
given by equation (134). The Magnus moment factor, Mgp, can be computed
from equation (135).

From equations (T4) through (81), it can be seen that all of the
aerodynamic coefficient factors have been accounted for thus far in the
reduction of data except Zes 2qs Zép’ Zypp mép, mrp, and possibly, ZBP

Also, only the sum, og + ms, can be computed, but not mg and o indi-

vidually. These exceptions represent the limits of the analysis of test
data presented up to this point.

One further possibility may be explolted in flight testing in the
aerodynamics range, Instead of only one model of a gilven configuration
being tested, two models are tested, both having identical exterral con-
tours but one having a center-of-gravity position different from the
other. In this way the sum of the damping-force factors, Zs, + zg, may be
determined from measurements of the sum of the corresponding demping-
moment factors, Me + Mg, at the two center-of-gravity positions; similarly,

the Magnus force factor, Zﬂp’ mey be determined from measurements of the

Magnus moment factors, mﬁp’ at the two center-~of-gravity positions. Also,
the normel-force factor, zy, may be determined in this way from the mu's,
should measurements of the trajectory be unsuiteble for some reason.

On the other hand, it does not appear possible to separate (Zd + zq)
or (m&-+ mq) or to determine zB > Zrps Ds and o from range tests.

However, it can be seen from the development leading from equation (128)
through to equation (135) that only the sum (zd + zq) or the sum (m& + mq)
is retained 1n the final equations as a quantity having a significant
magnitude and that g1l of the factors, z o’ Zpps Ba s and ., are negli-

glble. Consequently, it may be concluded that gll of the aerodynamic
coefficients of practical significance may be determined from free-flight
testing In the aerodynemics range on projectiles and missiles with rota-
tional and mirror symmetry flying under the conditlons of small angles of
gideslip, attack, pltch, and yaw, and small changes in velocity and spin,
asg gpecifiled.
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Comparison With Ballistic Theory

Differences in nomenclsture and derivation compllicate a comparison
of the projectlile equations developed in this paper with those of bgllis-
tic theory. The differential equations giving the x(t), o(x*), and A(xT)
histories can be compared directly with the correspondlng ballistic
differential equations, as in the aircraft case. On the other hand, the
equation giving the E&(x¥) history is best compered in its integrated
form. It is first necessary to derive the relations between the nomen-
cleture of this report and that used in ballistice. The comparison will
be made by transforming the equations of this report into the ballistic
terminology. The . ballistic nomenclature will be taken from reference 10,
except for that used in the m(x+) equation, which will be taken from
reference 19, The ballistic equations will be taken from the following
sources: the x(t) equation from reference 20; the ¢(xt) equation from
reference 19; the A(xt) and &(xt) equations from reference 21. These
references were selected because it 1s understood that they constitute
the basls for the analysis of data from the Aerodynamics and Transonic
Ranges at the Bgllistic Resegrch lLaboratorles and hence present a section
of ballistic theory which 1s 1n use at the present time.

In ballistics® the serodynamic coefficients are denoted by the capi-
tal letter K and the aercdynamlc factors by the capital letter J, the
two belng related in gll cases by

J = B%;K (136)

where d 1is the dismeter of the projectile., A study of the geometry and
nomenclature of reference 10 shows that the following relations hold for
the transformation of quantities defined in this report into ballistic
terminology:

N
Faxy = Fa Fay = Fa Fpg, = Fg

My = &y My = G Mz = Gg

V=mu p = uz/u % = ug/u

P =Wy q = ro= U }(137)
Iy = A Iy = B Ky = k(d/1)

£

- Bl -
V=T (Veelltetic),_ 2 BT Vpaiiigtic T u

5 = (Spallisticly_g o= (%allistic),_, J

SIf a ballistic gymbol 1s not specifically defined in this section,
it has the same definition in both systems of nomenclature and is glven
in the ligt of symbols at the beginning of thig report.
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The transformation of the aerodynsmic factors can be derived from the
definitions of the ballistic factors, the J's, given in reference 10,
nemely

o .
Fl = -~ .IEU‘_ JDA. j
da
Fo + 1F5 = %Fr(- Iy + ivdp)(us + fug) + mu(vIyg + 1dg} (wp + iwg)
G = -mdu wida ?(138)
Gp + 1G4 = == (- vip = 10y)(us + iug) +
Bu
'1'{‘23 (- JH + iVJXT)(wE + iws) J

If equations (138) for Fy 2,3 8nd Gy , 5 and equations (11), (12), (=28),
2
(29), and (42) for FAX,AY,AZ and My y 5 are substituted into the rela-

tions between the force and moment components given by equations (137) and
the coefficients of the dependent variables are equated, since equa-

tions (137) must hold for all values of the dependent variasbles, the fol-
lowing relations are obtained:

=y _ _ ¥ /d
¥op = ¥ 7 Joa T Re (T)JA )
1 p2
ZOL=“'EJN mCL:‘I?'JM
a
Zal+ Z2. | = = J . =__L_J'
o[- 7 Rl #ETE L
Bod
ZBP——JF me——-I-{;E'ZTJT
_1/a _ 1 a ¥
er“'ﬁ(‘z‘) IXF mrp"—KYa <T> JXTJ

It will be noted that the factor Zs has been added to zq in the eque-

tion for Jg and similarly the factor o has been added to mg in the

equation for Jp. In the strictest sense the added terms should have
been omitted since the ballistic nomenclature does not include the g
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components of force and moment. However, the relation between the aero-
dynemic factors and the constants of the t(x+) equation given by equa-
tion (132) shows cleerly that mg should be added to mq in the inte-
grated equations of motion as they apply to flight in the aerodynamics
range. Furthermore, since (Zd + zq) ig the force corresponding to the
moment (m& + mg) Jjust as Jg 1s the force corresponding to the moment
Jy, 24 should be added to zgq 1in order to have the equation for Jg
consistent with the equation for Jy.

The 1ift and dreg factors esre introduced in the same manner in the
ballistic development as in this report (see egq. (19)), that is

J1, JN - Jpa

hence

1

Since they may be of interest in reading the ballistic literature,
the equations between the aserodynamic and ballistic coefficients are
listed below:

_ s _1s8 (1LY
Kp = 552 D KA‘E55<E> °1p
s - 8L
Ky = 53 Cz4 ¥ = 57 @ "o
2
181 18 (1
ko= L8 1o _.:8 (LYo
i E 32 d ZBP KXT I g2 a mﬁp
p=] 3
18 {1 __18 (L
K}CF“’E’éE(d) “Zrp frr 8 a® <d> Gy J
and
S

The xT(t") history is given by equation ('74); however, a more suit-
gble form for the purposes of comparison 18 glven during the development
of equation (74) in Appendix A, es follows:

av P
mar=-Cxo 5 sve . (143)
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Equation (143) becomes, after transforming from time to distance by egua-

tion (68},
av

The comparable equation from reference 20 is given on page 8 of the
reference as follows:

av Vv

—_— = - K
az = " F D (145)
where
V = velocity of projectile (= V)
z = distance elong range (= x)
m
Fy = —=
t 7 paz

If equation (1L4) is transformed into ballistic notatlon, it becomes,
using Cp = Cy_ as specified by equation (19), which is correct to first

order since CX03 = O for projectiles and missiles,

av v
= - o (146)

Comparison of equation (1L6) with equation (145) shows that the results
of this paper agree precisely wilth those of reference 20,

The o(x*) history is given by equation (86). The comparsble eque-
tion from reference 19 is equation (14) of that report:

" + Cy9' - Cp = O (1h47)
where (in the notation of ref. 19)
N
Ky K
‘1T "w
} (148)
K
-3
2 I

A study of the nomenclature of reference 19 discloses the following rela-
tions between l1te nomenclature and that of the present report:
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P =9 7
e o L
P T uZDCP
ot -3 L _p3,
ax®  (u1)2
=1
X
Tylp (149)
Kq = o il
Tyl
Kig = XZ
8 (n1)
mXq
S J

After 1t is trensformed into the nomencleture of reference 19 by the use
of equations (148) and (149), equation (86) becomes

Q" + C9* - Cz =0 (150)

Comparison of equation (150) with equation (147) shows that the results
of this paper agree precisgely with those of reference 19.

The differential equation for the A(x") history is equation (93),
whose constants are given by equations (99) through (102). The comparable
equations from reference 21 are equations (L4L0O) and (5) of that report:

s = (J7, - ivJF) %»+ 1(vIygp + 13504 - %% (151)
= ip
¢ = §H + i;v l@l + k ep_2 - —i—EEE (152)

where k., k,, ¢,, and 9, are given by equations (6) and (7) of refer-

ence 21:
J (Jp -~ ma2T, /p)
i D A/A
OeXPgdf{[-JL'FJD*-k—E-- 2 +

i[JL—E—-(EJT-JA)Ez—-:]}dz (1532)
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k2 =kp, exp =

<’ mdeJ%>
1 \/“1 Ig Ip - —x
Q

- Jr + dn - — -
oa L*D " Y2 g2
Ll g o 2B (g -5 22 | L gy (153b)
o ‘L~ %2 T ™ A7

s L[]

B
(154)

V4
1 VA(l-g
oo 2 [ ],

Experience indicates that the term i(vJyp + 1Jg)f{' in equation (151)
1s negligible compared to the remsining terms, and consequently the bal-
Iigtic equation for the transverse displacement reduces to

"o (T - £ _ 1
8" = (JL - 1wp) T - =3 (155)

A study of reference 21 shows that its nomenclature is transformed
into the nomenclature of this report by equations (137), (139), end (1L40)
together with the following: -

S = - pia
£ =¢ (156)
zZ = X

If equation (8L) is transformed into the ballistic notatlon, it
becomes :

S"

(91, - 1vag) % - 335&551—592 (157)

where ug =uat t = 0.

Comparison of equetion (157) with equation (155) shows that the
transformed A(x') equation agrees exactly with the ballistic equation
except for the term 2ig(u - uo)/us. For representative tests in the
aerodynemics range, this term is negligible compared to .the remaining
terms in equation (157) « Hence, 1t may be concluded that the agreement
between equations (157) and (155) is satisfactory.
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From the comparison of equation (93) for the &(x¥) history with the
corresponding ballistic equation (152), it can be seen thet both equations
have the same form. Hence, the question of agreement between the two 1is
concerned with a comparison of the constants of the equations. The sero-
dynemic factors are determined solely from the constants dg and dg (see
egs. (93) and (132) through (135)) and it is belleved sufficient for the
purposes of thils report to confine the comparison to these two constants.

Comparison of equation (93) with equation (152) shows that the real
and imasginary parts of the exponents in eguatlon (93) are related to the
exponents in equation (152) as follows:

2
1 2 juls] JA >
+ = - s S -
dER Xt o= od é { I: JL + JD 2 = <JD A +
L5 D9 (g -5, 22| L ag (1562)
z 2
1 H 1 md"Jp :l
t o= = - J Iy = == e - -
4R ¥ 2d~/; ‘M LD g DR
1 iy md* 158b)
B'- JL - -];é' - (EJT - JA) -—A'*— dz ( 5

pA
1 vA(1l+o)
dEI X+ = q)lo + é-a-/O\ _._.B__—dz

(159)

1 2 va(1-0)

-é-a- B dz

d,r x¥ = g +

Differentiating equations (158) and (159) with respect tc =z, noting from
equations (156) that x = z, and limiting the comparison to t = O glves
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2
24 B o1 md=Jp
. Efd‘lR_-ljJL—JD-’-EE_F_O‘_a (JD- A -

1 Iy nd® md®Jy (16

E JL+JD-—£5—2~A—'JT—JD- A (lOb)
24 VA
g der=g (2o

(161)

2d _ VA
=g (-0

Up to this polnt explicit expressions have not been derived for the
real and imaginary parts of dp and d4, since such expressions are not
required for the analysis of date from the range. However, they may be

. readily obtained from equations (132) through (135). The solution given

- below is valid for all values of s or O except the region for which

0 <s <+1 for which o Is imaginary. If my 1s negative, correspond-

ing to 8 <0 or ¢ > 1, the model will have arrow stability. If mgy is

- positive but s > 1, corresponding to O < ¢ <1, the model will be gyros-
coplcally staeble. Hence it is believed that the following solution will
cover all cases of practical lmportance

2mg, A
(zdl‘—mq-m&-xo) £Z@+mq+m&+xo+ K>
Gar = - 2 N 20
>(162)
(sz-‘mq-m&—xo) (Za.L+mq+m&+Xo+—2m-;{§R>
R T " 2 - 20
J
doy = ———‘VK(?-U)
(163)
_ vK(1-0)
o d41 _-—.—2———

Transforming equations (162) and (163) into ballistic notation and
- multiplying by 24d/ul, as required for comparison with equations (160)
and (161), gives
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2d - 1 - md?2
o7 @R = - (I - Jp + k72Jp) +3<JL + Jp - k72Jy - 2—A—-JT> (16ka)
24 - _ 2
Ed,m = - (Jp - Jp + k™3Jgy) -%‘-(JL +Jdp - kT&Jg - EEQ%_JT> (16kp)

= dz1 = F (1+o)
(165)
= d,1 = 5 (1-0)

Comparison of equations (164) with equations (160) and equations (165)

with equations (161) shows that corresponding equations agree except for
< md 27 A

the term | dJp = "
Differences 1n the derivation of the equations of motion make it difficult
to ascertain the reason for the dilscrepancy. A careful examination of
the terms neglected in this paper in linearizing the equations of motion
suggests that the term in gquestion is actually a second-order guentity.
In practice, the extra term 1s so small for the mejority of tests carried
out in the range that equations (164) can be said to agree satisfactorily
with equations (160).

which 1s missing entirely from equations (16L).

To summarize, the results of this paper are in good agreement with
the results of ballistlc theory. The equations of motion are the seame
except for an additional term in the eguatione giving the transverse dis-
placement and for two addltionsl terms containing a common factor in the
relations between the aerodynemic coefficients and the damping rates of
the oscillatory components of the angular motion. It is belleved that
these additional terms are negllgibly small under the majority- of repre-
gentative test conditions in the serodynamics range.

CONCLUSIONS

Equations of motion have been developed for conventional aircraft on
the one hend, and for rotatlonally symmetric missiles and projectiles on
the other. Similar mathematical derivations and stendard NACA nomencla-
ture were used for both developments. The essential difference between
the two cases lies in allowing the axial component of the angular velocity
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to be large in the projectile and missile case. Otherwise, the conditions
of flight are limited to small changes in velocity and orlentation, as is
customary in treating the first-order dynamic stability of aircraft.

Two novel features gppear in the derivation of the equations of
motlon. First, the aerodynamic coefficients are introducted as a formal
series expansion in the components of the linear and engular velocities.
This approach sllows the introduction of coefficients of quadratic terms
involving the axial component of angular velocity, which are second-order
for the aircraft case but first-order for the missile and projectile case.
Second, 1t is shown that the aerodynemic forces and moments are independ-
ent of the orientation in roll for rotationally symmetric missiles and
projectiles. Advantage is taken of the independence to place the copr-
dinate system used in the missile case with one axis glong the missile's
axls of rotational symmetry and enother axis in a plane fixed in space.
Hence, the position of the coordinate system 1s independent of the roll
orientation of the missile.

Criteria are derived for the dynamic stabllity of missilles with arrow
gtability and projectiles with gyroscopic stability. It is shown that
spin-stabilized projectiles may be completely dynemically steble, a result
in agreement with experiment. On the other hand, it is clear that the
dynamic stability of spin-stabilized projectiles is a delicate balance
between lift, damping, and Magnus forces and that all three elements are
required to predict adequately the character of the motion.

The equations of motion are applied to the flight testing of rota-
tionally symmetric missiles and projectiles in an aerodynamics range. It
is shown that the flight records obtained in this facllity can be analyzed
to give all the aerodynamic coefflclents required to predict the first-
order dynamic stability of the missile or projectile.

The results of this paper are compared with the accepled seronautical
theory for aircraft and the corresponding ballistic theory for missiles

and projectiles. The agreement 1s considered to be satigfactory throughout.

Ames Aeronsutical Laboratory
National Advisory Committee for Aeronautics
Moffett Field, Calif., Oct. 1, 195k
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APPENDIX A

LINEARIZATION OF THE EQUATIORS OF MOTION

In the suthort's opinion, the proper procedure to be followed in
linearizing each of the equations of motlon is t0 separate the exact equa-
tion into first- and second-order terms and to place all of the first-
order terms that are fo be retained on the left-hand side and all of the
gsecond~order terms thet are to be neglected on the right-hand slde. This
procedure gllows & term-by-term comparison of the second-order terms
neglected with the first-order terms retained at one step in the deriva-
tion. Ag a result, it places the neglect of second-order terms on a firm
basls that can be re-examined readily at any time should there be some
doybt as to the relgtive magnitude of any particular term.

The procedure just recommended 1s carried through only in part. All
of the second-order and some of the third-order inertia terms are included.
However, only part of the second-order gerodynamic force and moment terms
are written down. Although it would be desirable for the sake of rigor
to include them, thelr omission 1s Jjustifled 1n order to make the deriva-
tion more conclse sipce there ig rarely any doubt as to thelr magnitude
relative to the first-order aerodynamic terms. It is the comparison of
the inertia terms with the aerodynemic terms that 1s ordinerily subject
to scrutiny.

No explicit 1imit has been set so far on the values of the aerody-
nemic coefficients themselves; yet, there is the implicit assumption that
thelr magnitude ranges in value from unity to ten. This restriction can
usually be met by the asppropriate selection of representative length and
aresa. Also, there i1s the implicit assumption in the missile and projec-
tile case that the axlal component of the angular velocity (the spin) be
bounded. Again, thils restriction 1s normally satisfied by the values of
the angular velocity which actually occur in practice.

It will be noted that an anomaly exists in setting limits on both
P,0,¥ and p,q,r for a given alrcraft. Once the physical and aerodynamlc
properties of the aircraft are specified together with the initisl condi-
tiong of flight, the values of p, g, and r are determined. Physlcally,
the consequence of assigning limits to both @,8,¥ and p,q,r 1s to assign
8 certain range of values to the physical properties of the alrcraft, that
ig, to ite moments of inertls, welght, and center of grevity. As a result,
it ie desirable to examlne the values of p, g, and r occurring during the
flight of any perticuler missile or proJjectile in order to mske certain
that their magnitudes fall within the limits of the theory.

In the followilng sections, the equations of motion wlll be developed
up to the point of listing the first-order terms retalned on the left-hand
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slde and the second-order terms neglected on the right-hand side, but a
numerical comparison of thelr relative magnitudes will be omitted. In
the aircraft case, the terms neglected are those customarily neglected.
In the missile and projectile case, numerical examples were worked out
for representative misgiles and projectiles and it is belleved that the
terms neglected are truly second-order for the majority of conditions
that will occur in actual practice.

Alrcraft Equations With Time as Independent Varisble

X ccomponent of force.- This equetion is derived by resolving the
vector force equation (3) along the space-fixed X, axis.

Since

M= oV (A1)

the component of equation (3) along X, becomes

d(V cos ¥ VXo)

It = Fpy cos¥ (Xo) + Fpy cos g (YXq) +

Fro cos ¥ (ZX,) - mg sin 74 (a2)

Substituting equations (11) end (15) for Fax,y,z end equations (1) for
cos ¥(XXy), cos ¥(YXo), and cos X(ZX,) in equation (A2), and at the same
time neglecting all second-order terms on the right-hand slde of equa-
tion (A2), gives

d%:VX
Gos %iVXO a—t- -V sind VXo ———

o 2
_QVOS<V> < &1 gl :
=2 \75/ ¢ %% - CXg - Cxgy oy - OXg By - Ogf ) - me sin 7o (a3)
cos ¥ VXo being approximated by

sin?® afVXo

COS%:VXO =1 - >

and the veloclty, V, is given by
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v (ak)
u
TP

If equations (A4) are expanded in a series, equation (A3) may be separated
into first- and second-order terms with the first-order listed on the
left-hand side and the second-order on the right-hand side, as follows:

2 .
du PVo 5 &l 61
mart =3 (CXO + CXCI,CL + CXC'L i + CXq i + CZOQ + 2 CXO

m du = = dgvx PV =S /
mg 8in y, = 5 3% sin2‘¥VXO + nV sin ¢VX, oe3 - ; \ Xl %% +
ar u al u 2u vag 1
At Rt B) - Bap i o)

If the right-hand side is neglected, the left-hand side is divided by
(pSVo2), and the equilibrium conditions (eg. (18)) and 1lift and drag
coefficients (eq. (19)) are introduced, equation (A5) becomes equa-
tion (20).

A slight variastion of equation (AS), which will be useful in deriving
other equations of motion, comes from equation (A3) by introducing the
equilibrium condition of equation (18)

XO=-XG

namely,

vV _ psve
=5 <; Cx o& CXo o7

m e Cxq gl - Cy 9> (A6)

V

Y component of force.- This equation is derived by resgolving the
vector force equation (3) along the Y axis.

_The components of M and ¥ are given by equation (6}, the components
of FA are glven by equations (11) and (15), the components of FG are
given by equation (17) and the transformation of moving axes 1s given by
eguation (9). Equation (3), modified by'the foregoing, may be resolved
along the Y axis as follows:
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m-%% sin B+ V %% cos B + rVN1L - sin2q - sin2p - pV sin o

st B2 ri
= 5 <IBB CY- '2‘\7 + CYp ev *+ Oy, V> + me(¥ sl 7o + @ cos 75) (A7)

The following quantitles are spproximated by
g2

cosﬁ=l-T

g8in B = B

2 2
Jl-sinzm-sinzs =l__(_c1,__g_6__l

The values of r and p are given by equation ("{)

_ av
TEFw %

=30 _
p Tt or

After division by V and the use of equations (Ak) and (A6) for V and
dv/at, equation (A7) may be separated into first- and second-order terms
with the first-order listed on the left-hand side and the second-order
on the right-hand side, as follows:

ag S o ¥l
m\ TE ) _Qr CYBB +Cy, 2VO+CYP EV +CYr v > (¥ sin 70
2,02 .
@ cos 7'0)—m<-§- oy +1'(a,+8)+PCL> B<CXQ.C"+CX-%%+

=8 (¥ 8in 7o + @ cos 70):| (a8)
o
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If the right-hand side is neglected, the left-hand side 1s divided by
(pVoS), and the 1ift and drag coefficients (eq. 19) are introduced, equa-
tion (A8) becomes equation (21).

Z _component of force.- This equation is derived by resolving the
vector force equation (3) along the 2 axis.

The components of M V, fA, and FG are given by equations (6), (ll),
(15), and (17), respectively. After transformation to moving exes by
equation (9) and division by V, equation (3) resolved elong the Z axis
becomes

da dVv sin o
= ki dalualig - - - 2
m(dt COS @ 4 =+ ———+4p sin B a1 - sin®g - sin B)

_ pSV . &l _ qr) ,mg [
= % (—CZO - Cz o CZ& 7 CZq 2V> + 5 & sin 7, + cos 7, (A9)

The followlng quantities are approximsted by
sin o = o

2

2
Jl—sinzd,-sin‘?ﬁ:l-q’ gB

a2

coscx,=l-—é-

The value of g 18 given by equation (Tb), namely
a0
Q=gF ¥ or

By the use of equations (Ak) and (A6) for V and dV/dt, equation (A9) may
be separated into first- and second-order terms as follows:
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da _ d6 pSVo c ! da 1 .88 U -
<dt /) T2 <CZ0 *Czg * 02 Foa TR Emy @ TV %o

u
% [— 6 sin 7’O+<l-vo->cos 7’0:!

S (a® 4 B2) J PV, 5a al al
=m |— - S il & 9 = =
m [ > + Qr PB ) + > CXG;(I + CX&,EV + Cxq oV + CZOG +

Cz P50 ‘
i(-_?’____d,+95.e sin 7o> -ﬂ(cchﬁ) (a10)
T, 2 7, 5 \ Za" oW

If the right-hand side 1s neglected, the left-hand side divided by (pVoS) R
and the equilibrium conditions (eg. (18)) and 1ift and drag coefficlents
(eq. (19)) ere introduced, equation (A10) becomes equation (22).

X component of moment.- This equation is derived by resolving the
vector moment equation (k4) along the X axis.

The components of H, w, and M are given by equations (6), (7),
(12), end (15). After transformation to moving axes by equation (9),
equation (}) resolved along the X axls becomes

a ar ‘
IXE-EGE—JXZE+qr (Ip - Iy) - @@ Jxz

_ pSW2 Bl Pl 2
= E—E—-(CzBB + CZB =7+ Czp i Cl, 2V> (a11)
The values of p and r sare given by equation (7), nsmely,

P=%—.q€-er
av
I‘=E_E-q)q
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The value of V is given by equation (Aﬁ), namely,

Equation (All) may be separated into first- and second-order terms as
follows,

2 2 2 a 1 d 1 a4y
A% _ L e _ pSiVo < 1 18, o 1oav
Tx ate Xz at2 2 CZBB * CZB 2Vo dt * Clp 3vg 'r 3V, dt

. L PSVo2
= Ix (ré + 67) - Jyz (gd + 9d) - ar(Ily - Iy) +qp Jxg + —2—0—% <207’BB+
O

B2 1 rl ) s1ve < ql
Cyp mm— + Cp_ - 4y e ) - Cy; 6 L+ ¢y 6 =
Zé 2Vg ip 2V, 2% 2V, 2 p” By Czr 2V (A12)

If the terms on the right-hand side are neglected and the left-hand side
1s multiplied by u/Ky® pS1V,Z, equation (AlZ2) becomes equation (23).

Y component of moment.- This equation 18 derived by resolving the
vector moment equation (4) along the Y axis.

The components of H, W, and M are given by equations (6), (7),
(12), and (15). The value of ¢ is given by equation (7) to obtain q,
namely

g = éf@ + QQQEL
at® at

After trensformation to moving axes by equation (9), equation (4) resolved
glong the Y axis becomes

Iy [;12?9 + i%%?-} + rp(Ix - Iy) + Jxg (p2 - r2)

2 : qZ

The value of V 1is given by equation (A4), namely,

4 u
TP N
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Equetion (Al3) mey be separated into first- and second-order terms as
follows:

a%e SZVo 61
Iy = - 24 <Omo + Cmam + Omo: + Cmq 'ETO'
-Ty d(mr) + rp(Iz - Ix) + Jxz{r2 - p2) + E§121— <}Emo + g +
P -
Omg w5 * Cmq ¥ ) Cmq v (a18)

If “the right hand side is neglected, the left-hand side multiplied by
u/pSZV ZKY , and Cmo get equal to zero in accordance with equilibrium

conditions specified by equation (18), eguation (All) becomes equation (24).

Z component of moment.- This equation 1is derived by resolving the
vector moment equation (5) along the Z axis.

The components of E, w, and M are glven by equations (6), (7)5
(12), and (15) The values of p and r are given by equation (7) to
obtain p and T, namely,

;- o _ aler)
ate dt

. &y dlea)

T = — - —
d.t2 dt

After transformstion to moving axes by equation (9), equation (5) resolved
along the Z axis becomes

&¥  alpq) a?p 4(er) '
[E;E.— —755_'} - Jxz [EEE'- _Eﬁf?-] + pqly - q(pIX - rJXZ)

2 3 pl rl
- & < ngP + Cng 5 * Cnp 57 * O 2V> (815)

The value of V 1is given by equation (AL), namely,
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equation (Al5) may be separated into first- and second-order terms as
follows,

a2y 4% _ eS1Vo% 1 Gp 1 d 1 ay
= . - L. £ — Cn., —— =%
1z 352 = X2 352 2 CngP + Cng 375 3 + Onp 27y E% T nr 5yl at

9
=IZM-JXZd( r)+PQ(IX‘IY)-JXZQT+

dt at _
pSIVo® < 81 pl
— | 2C¢ + Opy = + O —— +
2 v, nBB B8 ov, Tp 2V,

rl pSIVZ rl ql
Cnr EVO > - ) Cnpe -E—V-g + Cnrcp -é'v—; (Al6)

If the right-hand side is neglected and the left-hand side is multiplied
by u/pS1Vo2Kz2, equation (ALl6) becomes equation (25).

Symmetrical Misslle and Projectile Equations With -
Time as Independent Variasble o

The missile and projectile equations are derived by resolving the
vector force and moment equations (3) and (h) along the XYZ axes, except
for the X component of the vector force equation, which will be resolved
along the space-fixed axis X, 1nstead of the body axis X. The deriva-
tion will proceed as follows: Filrst, the component of the exact vector
equation will be written down transformed to the moving XYZ axes, except,
of course, for the X, component equation; second, the kinematic rela-
tione will be substituted for certaln of the dependent varilables, various
functions will be expanded in serles, and the resulting equation will be
written down separated into first- and second-order terms with the first-
order terms on the left-hand side and the second-order terms on the right-
hand side.

The following relatlons will be used: The transformation from space-
fixed to moving axes 1s glven by equation (4Ob); the direction cosines of
the angles between X, and X,Y,Z are given by equation (1); the components
of Mand V are given by equation (6) and of H and @ by equation (39);
the components of F, are given by equations (11), (29), and (42), of
Fqg by equation (44), and of M by equations (12}, (29), and (42); the
magnitude of the velocity, V, 1s given by condltion (2) preceding equa-
tion (2) and the axial component of the angular velocity, p, by equation

(34).
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The following series expansions will be utilized:

It
™
—

sin @@ = @ sin B
2
cog & =1 - a2 cos B=1- E_
2 2
2 2 (a17)
-Jl - sin®? o - 8in2B = 1 - Ei—ég—é- >
v n
<§r— =1 +n %
o Vo

J

In deriving the Y and Z components of the force equation, the
following approximation will be used -

d SV
T =% oy (a18)

<+

As will be shown in the derivation of the X component of the force equa-
tion, the above equation neglects the terms CXPP pSV/2m and g sin 70/V
From the limited experimental evidence available, it is believed that the
Cy term is truly negligible under all practical circumstances. On the

other hand, the gravity term is strictly negligible only for horizontal
trajectories or in those cases for which the drag force greatly exceeds
the weight. In other cases, for example, a bomb falling along a steep
trajectory, the gravity term should be included. The gravity term will
be omitted from the present treatment since the application covered in
this paper is to the aerodynamics range in whlch the trajectories are
nearly horizontal and the drag force is many times the welght in the great
majority of tests.

X component of force.-

dvy

n = Fpycos £X X + Fpycos XX Y + Fpgcos XX 2 - mg sin 7, (419)

dt

where VXO is the component of ¥V along X, and 1s given by

VXO = V cos X VX,

[(cos ¥VXo) @1) - (V sin ¥¥Xo) CEWX )]

3ve
= 97?— [ - CXo - Cxpp < J - mg sin 7, (a20)
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du DSVOZ u
mEx T T2 [CXO * 2% Vo + pp <2Vo> <2Vo> “Xop <2Vo> :]+ mg sin Yo

8 () e (2]
ovozs [ <Vo> . Cpr( ) 20y .8 2vo] (a21)

Dividing equation (A21) by (pSVe®) and neglecting the right-nand side
gives equation (46).

A veriation of equation (AEl), which will be needed in the deriva-

tion of the Y and Z force component equations, derives from equa-
tion (A20). In this variation the Cypp 8nd g ‘terms are neglected;

hence equation (A20) may be written

n & .oy S5 mKM) < >+ (V 810 ¥7ko) d—i;—v—fﬁgﬂ (a22)

If the right-hand side 1s neglected, equation (A22) becomes equation (A18).
after the terms are rearranged and the equation is divided by mV.

Y component of force.-

dBﬂY
dt

ag , ay) _esVg K ) 1 dp 1 ay ol
c Lol
m(dt ay T2 |\“B Y% Pt CYpmvsar T mgar t CYgp v @ *
7 7 mg sin~y
cy. Pot 1 o Cy Po® 1 d6 | _ <}_______%>¢
&p Vo 2V, at ® 2V, 2V, dt Vo.
- .Ef dB DSVo u Cv. + 8
row [\t )P -
Dl 1 do pl al o5V pt1
e 275 BV at ~ “Yap Vg BUg | T2 Avg \CYor®

mg sin 7 u
C de 4 ¢ ) < > (a2k)
Y 2vo at T “Yap BV, Vo

+ rhﬂx = Fay + Fay (A23)

Y
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After division by (pSVO) and neglect of the right-hand side, equation (A24)
becomes equation (L47).

Z component of force.-

iM
—_dtz - QMx= FAZ + FGZ (A25)

dg, _ d6 ), PSVg _ 1 1
at " at) " TE | \%%e T e )t Coymd T CZa B 3w t

bol Pol 1 4B Pol 1 ay ng
ik —_— = - -6 si
“Zgp BV, Pt CZs, Bvg Bvg at * C%p B, Bvo at | T . (08 Yo - © sin 7p)
2 qp% PSSV, u
e | (B-0) - L] r (o og)e
Pt 1 a4 pl ri pSV, p'l 1 dp
— —— — - + C —_—
CZBP oV, 2Vg at CZrp 2V, 2V, 2 2V, CzgoP Zgn Vg At
ri mg u _
CZpp éﬁ) t e Vo (6 8in 75 - cos 7,) (A26)

If it 1s divided by (pSV,) and the right-hand side is neglected, equa-
tion (A26) becomes equation (L48).

X component of moment .-

dHy
= 4z - rHy = My (a27)

Since rotational symmetry requires that Iy = Iy, equation (A27)
becomes '

1, 8% _ e8Wo” (. 1 ® . —poz"li)
X 2 5 lp BV, at ~ e BV, Vg

PS1VZ 3] 7 a(er
O

If it ig multiplied by u/pSZVozKXZ and the right-hand side is neglected,
equation (A28) becomes equation (L49).
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Y component of moment.-

dHy
—— + THy =
—— + Ty = My (129)
a2 ay  eSIVe 1 do _l 48
Iy =5 + IxPo 3g =~ T3 Cmo + Cmy 375 3% T “Mq B, b
Bol g ol 1 48, Pol 1 av

Cmgp BUg © T “Mgp BVo 2, At TP 2y, 2y, dt

PSIV2 4 al : ql
= _Ixrpt + ___Er_.v; 2y + Cmd EVS + Cmq EVS +
ol PS1V,Z ptl 1 ag rl
—_— = . R
Crgp, 57,5 B)* 5 ovg \Tmep® T Oy, TS 3 T Cuep TS (A30)

Through multiplication by u/pSlVOZKYZ and neglect of the right-hand
side, equation (A30) becomes equation (50).

7Z component of moment.-

E{E - gy = Mg (A31)
at
=] 2
4%y a  psllo 1 4B 14y
Tz 732 - xPo T 2 CngP *+ Ong a7, 38 * Cor T, & T 5
Dol Pol 1 da Dol 1 ae

C —a + C —_— ——— =+ C — -
Oap 2V, n&p 2V 2Vp 4t Dgp 2V4 2V, dt

——— &— \(Ch__a + Cn. + C = A2
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Through multiplication by u/pSZV ZKZZ and neglect of the right-hand
side, equation (A32) becomes equa%ion (51).

Symmetrical Missile and Projectile Equations With
Distance as Independent Variable

The missile and projectile equations with distance as independent
variable are derived in a similar manner to thoge with time as independent
variable. The procedure followed closely parallels the preceding section.
First, the component of the exact vector equation will be written down
and for those components which are resolved along the XYZ axes it will
be written transformed to moving axes. Second, the kinematlic relations
wlll be substituted for certalin of the dependent variables, various func-
tions wlll be expanded in series, differential quantities will be trans-
formed from time to distance as independent variable, and the resulting
equatlion will be wriltten down separated into first- and second-order terms
wlth the first-order terms on the left-hand side and the second-order
terms on the right-hand side.

The same relations will be used as in the previous section. In addi-~
tion, the transformetion from time to distance is given by equation (70).
Also, since the principal application of the equations with distance as
independent varieble i1s to the serodynamics range, the earth axes will be
oriented as they normally are in the range with 2Z,5 vertical and Xg
horizontal; consequently, 7o = O.

It is evident from the relation, V = dx/dt (eq. (67)) and the develop-
ment of equation (A22) that the X-component force equation gives the
relationship between time and distance. Consequently, 1t is proper that
time should remain the independent variable in this egquation. However,
the form of the xT(t%) equation (7L4) may not be familiar and the steps
leading from equation (A22) to equation (74) will be presented in this
section. It should be noted that in this development the Cyx term is
neglected. PP

Application of this theory to the aerodynamlcs range requires equa-
tions for the transverse displacement of the trajectory, y and z. The
equations for 1y and z are derived by resolving the vector force equa-~
tion (3) along the space-fixed Y, and Z, axes. Their development will
be presented in this section. It should be noted that the only forces
retained in deriving the ¥,z equations are lift, drag, and Magnus

forces (CLaﬁcDo’Cpr)'

Time-distance equation.- If equation (A22) is multiplied by dt/mvZ
and the right-hand side is neglected, it becomes

av. _ Cx,es
= = —-Q__Em at (A33)
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Since V = Vg at t = 0, the integral of equation (A33) may be written

Ox PSSVt \~1
R . (s

If equation (A34) is substituted into equation (A33) and the relation
V = dx/dt is used, the resulting equation may be written

-2
d%x pSV,2 pSV,,
at2 T Cxo T Sk, © =0 (435)

After multiplication by m/pSV,2, equation (A35) becomes equation (Th).

Transverse displacement of trajectory (y, z equations).-

2
m &Y - Fycos ¥IoX + Fycos oY + Freos ¥oZ

2

dz (436)
4z Fxcos ¥ZoX + Fycos §ZoY + Fycos ZoZ

at2

i

2 2
&y 8V (g - pl
AT Xo¥ = 2P * Czpp 57 @
(a37)
32z _ psv2 Pl
&z 6 ~Cy o - Cy_ B2
TR (CXO Zo* = CZgp 3y P ) ¥ me

Transforming equations (A37) from time to distance, dividing by V2,
and separating into first- and second-order terms gives

Cv pS
X P-~1
@y X ay 08 (e -, Polg o )
. ax2 7 ax T2 2% Zgp ev, VXOW W

pSCy, t
. p /2'l _ Dl u
- eliT >

a2z PP az =] bol o _ _ o ne
m —— =~ + CZCLG,"F CZBP Vo B Cxoe VO2

SC
_ o, (p1 i\_gﬁg%J
2 2V ~ BV, V5 V2 Vo

\
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For small angles

dy _
ax ¥ + B
dz
=% 8

if 1ift and drag coeffleclents are introduced and the right-hand sides are

neglected, equations (A38) become
N

f (A39)

o Pol > _ mg

m + = C + = a2

ax2 2 L@ * CZpp Byg P V2
J

After multiplication by (pS)~*, equations (A39) become equations (75) and
(16).

Y component of force.-

aM:
"g:} + My =Fay + Foy (a23)

Dol Pl 1 da plzde]
o £ ax 4~ Q" 2 =7
Ympgvoa+CY&p202dx Yqp BV, 2 dx
_ BZ (dp . av a2 d¥ S u L
m[? dx = ax 2 dax -%—Vo Yap 2V,
oy, 2t L dx o Rl gl +E§p'z<0y o +
&p 2V, 2V dt = Ygp oV, 2V 2 25 ap
oy, &g, I (AL0)
Yop 2V at 7 “Yap 2V

Dividing equation (240) by (pS) and neglecting the right-hand side gives
equation (77).
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90
7 component of force.- _
aM
d{Z - qMyg = Faz + Fgg, (a25) |
da, _ 88 es 1 do 1480
& &/ T2 [(CZ@_CXO>G’+CZ-2dX+CZq2 =t
Dol Rol 148 Pol 1.dy | 1
BD Vg Zyo BV, 2 Ax | Arp 2Vo 2 dx V2

'l 1 4p 1
pl rl \_. SRt - == £ Smg 1
5 v | CZep® * “Z, BT At * Corp 57 )" 72V (k1)

o] (o]
Dividing equation (ALl) by (pS) and neglecting the right-hend slde gives
equation (78).

¥ component of moment.-

dHy
+ gig - rHy = My

=X (a27)

dt
With the introduction of a constant rolling moment, Cy,, equaetion (A2T)

becones

pSxg a9\ | g8 (o Lo 130 Xdlen)  pSlg gzl
lo lp 2 & vz dt 2 “lp 2V

2
o
IX <dx2 m ax 2
(Ak2)

Multiplying equation (Al2) by u/oS1ky® and neglecting the right-hand
side gives equation (79). - .l

Y component of moment.-

gH il
L (a29) .

-a-_E—+rﬂx=MY
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Pol Pol 1ap Pol 3 aw
Cmgp 5w, © Oy Do B oax e BV, 2 ax
I
X ay (pl u _ p'l pST pl_ u 7 4
== =2 (B2 = —(c + Cm, === +
l d.x(Vo Vo Vo 2 2Vo Vo mapP Bip 2V dt

r1) St p'l 1 4B, o Il
Cpp 2V> A <Cmﬂp * GEQPEVEEJ' ‘o 2V> (ak3)

If equetion (Ak3) is multiplied by u/pSiKy> end the right-hend side is
neglected, it becomes equation (80).

Z  component of moment.-

amy,
E—-qu=MZ (A3l)
I7Cy pS
a2y  PE7" gy ;. Podo  pSt 148
L Tm & Xy, 2 CnBB+cnéng+

L e a7\ , 823" &1 a
Co. ¥ &t Cogp av) * 2 av, \Tap® T Ong BT * Ongp 5y) (AW

If equation (AM) is multiplied by p/pSiK,2 =and the right-hand side is
neglected, it becomes equation (81).
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APPENDIX B

MODIFICATION OF THE SYMMETRICAL MISSILE AND PROJECTILE EQUATIONS TO

INCLUDE THE EFFECTS OF SMALL AERODYNAMIC ASYMMETRIES

Forcee and moments due to aerodynamic agymmetries are not Independent
of the roll angle as are the principal aerodynamic forces and moments.
Hence, they will be defined as components along the 1, 2, 3 body-fixed
axes a8 follows:

oV28
Fl:2)3 - CF1)2:3 2 (Bl)
M V281

1,2,3 = OM1,2,3 )

The componente of Cp and Cy along the X,Y,Z axes are glven by
3

CXq (due to ssymmetries) = Cp;
CYO = Cpgcos @ - Cpgsin @
CZO = Cpgcos @ + Cpy8in @
(B2)
Cio = CM1
CmO = Cpmpc08 @ - CMgSin @
Cp, = CMgCOS @ + Cyafln @

Tt is assumed that the coefficients, Cpy » 3 and CMy,a,s ere first-
order quantities, in contrast to all other serodynemic coefficiente. This
ig evidently the case 1f the asymmetries are small. Also, if Cy or Cy
are due to control-surface deflections, &, they wlll have the form Cp.b
and, hence, the requirement that they be small is equivalent to essuming
that the control surface deflections be small, Consequently the variable
velocity, V2, may be replaced by the constant, VOE, since the term
2C u/Vy will be second-order and hence negligible insofar as the line-
arized theory is concerned.

Certain of the models tested Iln the serodynamics range have small
gaymretries of the type Just described. It 1g desirable, therefore, to
derive the modifications to the equations of motion which are required to
account for the effects of the asymmetries. Two of the cowponents have
already been accounted for. The X force component, Fj, 1s a constant
and its coeffilcient, Cp,, may be considered to be lncluded in the axial
drag coefficient, Cyx,. The X moment component, M;, has been included in
the o¢(xT) equation by the 1, term. It should be noted thet in this
particular equatlion the Cpy coefficient 1s not required to be small

x
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(first-order). The remaining components affect the A(x*) and E(x*)
motions® and the changes to the equations involved will be taken up in
this order.

Alx*) Equation

The modification to the equations inveclved in the development of the
Alxt) equation are listed as follows: Add to the right-hand side of the
equation 1isted the term following.

(A37), first equation Fy,
(A37), gecond equation FZO

(A39), first equation es Cy

2 o
(A39), gecond equation %g CZO
(15) o
(2
c
Zo
(76) -
(8h)  roel®

CF2 + iCF3
2

(1)  rgel®o 120 (G 1)}

v v2

where fg =

If vxt is small, the added term in equation (91) is approximated by
ig 2
foe TO(xt +
(91) -42—~2§——2- <# + iéx + . . .)

Hence, 1f the misslle does not roll (v = 0), the force due to asymmetry
willl cause the transverse dlsplacement, A, to increase with the square of
the distance, x7. ‘

t(x*) Equation

The modifications to the equations involved in the development of
the E(xT) equation are listed as follows: Add to the right-hand side
of the equation listed the term followling.

1The 1(x*) motion is affected also but the changes required to the
n(x*) equations will be omitted from this treatment since the £(x™)
motion is the one ordinarily reduced in the analysis of flight data.
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DSCYO
(AkO) 5
(ak1) 2
(ah3)  PPiCmo

2

DSZCn
(abhk) = Q

Cy,
(77) —2

C

Zo
(78) -
(80) qug

Ky

uC
81) Ho
( EE;E

(85) foeicD

C + 1C
where fg = F2 5 Fs
(87) moel®
w({C - iC
vhere mg = ¢ MgK = Mz)
Z

The aserodynemic asymmetries will change the values of the coeffleients
d; and dz of the integrated ¢£(x+) equation (93); *the following term
should be added to P(S), defined by equation (110):

X+
~1 3(8f, - mpfg - Zphg) (19-88)qr
Z§ o nfo = 2y uéﬁ e

where { is the variable of lntegration replacing xt 1in functions of
xt appearing in the integrand and ¢ 18 considered to be a function of
t. The sdded term may be readily derived in the integretion of the
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gimultaneocus differentisl equations (85) and (87) if the integration is
carried out by the Laplace transform and use is msde of the convolution
of the "natural" frequency and the “"asymmetrical forcing function." A
clear explanation of the operational mathemstics involved is given in
chapters I and II of reference (16) (particularly section 14 on the
convolution; Churchill states that the convolution is also known as the
Faltung integral).

It may be of interest to note that if the roll rate with respect to
distance 1s constant, that is, if

o = vx* + g
then the term added to P(S) becomes

S(Sfo - mT]fO - an.o)equO [e(iV-S)x+ - l-]
zé (1v - 8)

Hence if Vv = S;7 or S,y then (iv - 8) = S, or Sy, ordinarily & small
value. Consequently, the value of the corresponding term will become
very large. In other words, the oscillation experiences a divergent
resonance as the roll rate approaches the pitch or yaw rate.?

2This result has been noted elsewhere in the literature; for example,
see reference 4.
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(a) Orientation of
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g
Vertical

’:

(b) Orientation of gravity vector with respect to earth axes.

Figure 1.~ Continued.
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(c) Orientation of velocity vector with respect to stability axes.

Figure 1.- Continued.
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